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ABSTRACT

In 1889, Giuseppe Peano inductively defined theinaht
numbers by using the empty set along with a suocess
function. The natural numbers can be defined itidely
primarily because they are well-ordered, a propettich

is equivalent to that of induction [1]. Inductiggstems
are especially useful in the area of computing oth
reasoning about and implementing algorithms. Meeeo
induction lends itself well to certain aspects ofcanated
proving.

The natural numbers are just one example of indecti
systems. Other inductive systems include string
induction, tree induction, and transfinite induatif2, 3].
Although it would seem reasonable to describe sets
containing the natural numbers inductively, suchttees
integers and rational numbers, traditional appreadtave

not done so. These systems have traditionally been
defined as equivalence classes of natural numtdis
One reason may be that the integers and rationalaa
well-ordered under the usual ordering. This leauss
with an intriguing question: Can the integers and
rationals be described inductively? Here we preseer
possible well-ordering that allows us to define itfitegers
inductively. By introducing several definitions,evare
able to prove the common additive properties of the
integers, including the associativity and commutstiof
addition. This work motivates the future investiga of
other systems, such as the rational numbers.
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1. INTRODUCTION

Induction is a powerful mathematical tool. Thesffir
known proof by mathematical induction can be foumd
Francesco Maurolico'@rithmeticorum Libri Duo He
used an inductive argument to prove that the sunhef
first n odd natural numbers i$ 1{5]. We now know that
induction is valuable in many contexts, such asaring
about recursion and algorithm implementation, al ag
automated theorem proving. This leads us to atigmes
of broad interest: What sets can be defined indeigt?

Thanks to Peano, we already know that the natural
numbers can be defined inductively. Peano decldrad

N, the set of natural numbers, 0, an elemer cand the

function suc:N - N, must follow the following axioms,
stated in slightly more modern terminology:

Axiom 1. There is no ] N such that suc(n) = 0.

If nnm O N, and if suc(m) = suc(n), then
n=m.

If AON, 00 A, and suc(n)d A for every
nOA, then A=N.

Axiom 2:

Axiom 3:

Axiom 1 states that 0 is not in the range of sudpm 2
declares that suc is injective, and Axiom 3 isititkictive
axiom. It should also be noted that when Pearsi fir
proposed this set of axioms in 1889, he used heakebst

natural number (i.e., there is no N such that
suc(n) = 1), but it should be clear that this does$
significantly affect the system being defined [1$ince
the set of integers contains the natural numbesrsould
seem reasonable to use an inductive approachrtalinte
the integers. However, historically the integessehbeen
defined by using equivalence classes of naturalbausn
Each equivalence class contains all of the pairsatdiral
numbers with a common difference [4]. For example
(2, 1) and (4, 3) would both be in the same eqaived
class.



Since the natural numbers are typically defined
inductively, why not the integers? One of the osasthat
the natural numbers can be defined inductivelyhist t
they are well-ordered, a property logically equévdl to
induction. For a set S to be well-ordered undeiiven
ordering, <, it means that any subset A of S contains a
least element (i.e., there exists grilaA such that @< a

for all a0 A). We note that the usual ordering on the
integers is not a well ordering. For example, Het
{0, -2, -4, ...} does not have a least elementer€fore, a
logical first step toward defining integers indwely is to
find a well-ordering on the integers.

2. THE INTEGERS AS AN INDUCTIVE
SYSTEM

Although there are infinitely many ways to ordee th
integers, we chose the following ordering:

0,-1,1,-2,2,-3,3,-4,4,-5, 5,

To differentiate this ordering from the usual os, (ve

choose the symbak to represent this new way to order
integers. This new ordering is, in fact, a welliening,
since every subset now has a "least" element. wiawbs

as the "least" integer, becaus@ for all zOJ Z, where

< can be thought of as "is left of" with respectthe
above list of integers. Motivated by Peano's axiom
system for the natural numbers, in which a suceesso
function is part of the description, we also defiae
function, NB, to suggest "next bounce." EssertjdB
allows us to move from integer to the integer om it
immediate right with respect to the above well-oirtp

We are now ready to define three axioms of our own:

Axiom 1. There is no z iZ such that NB(z) = 0.
If x,y O Z, and if NB(x) = NB(y), then x = y.
If AOZ, 00A, and NB(z)O A for every

zOA, then A =Z.

Axiom 2:
Axiom 3:

Axiom 1 states that 0 is not in the range of NBjokx 2
declares that NB is injective, and Axiom 3 is thductive
axiom. Note that although our axioms seem verylarm
to those stated by Peano, it will quickly becompaapnt
that our function NB acts very differently than Re's
successor function. For example, NB takes thinteger

to the (n+1y integer, with respect to the above well-
ordering, while Peano's successor function esdgntia
maps nto n + 1. For example, intuitively, NB(0)l=and
NB(-1) = 1, while suc(0) = 1 and suc(1) = 2, whboth
NB and suc continue along their respective well-
orderings. Of course, when we start out, we hawe n

concept of -1, 1, or any other integers; only 0 is
mentioned within our axioms. The other integersinie
defined inductively using the NB function.

As usual in any mathematical development, the &hofc
the organization of definitions and theorems is eaimat
subjective, depending on what the developers find
reasonable. In this particular case, we know thd e
results we want to obtain, and knowing those resalich

as associativity of addition, we have introduced
definitions, lemmas, and theorems in a progressider
that allows us to get to those important results gtraight
forward manner. Here we present a sampling ofethos
results, including some definitions, lemmas anatbms.
Space constraints prevent us from including allgireofs,

so we show some typical ones.

3. DEFINITIONSAND THEOREMS

We first define a function that allows us to movenf a

given integer to the one on its immediate left unde

This function is almost an inverse to the "next tef

function NB. We will refer to this "previous bouwsic
function as PB. An exception occurs at 0, sinarehs

no integer to the left of 0. For convenience tmidv
having an undefined value for PB(0), we simply defi
PB(0) to be 0. We define PB inductively:

Inductive Definition of PB:Z - 7
() PB(0)=0,
(i) PB(NB(2)) = z;

There is an immediate corollary establishing thesise
relationship between NB and PB with the O exception
Our proof uses the definition directly.

Corollary 1
Oz O Z such that z 0, NB(PB(2)) = z.

Proof:
Using the axioms previously given, we note thateain

z# 0,z = NB(w) for some Wl Z. Therefore,
NB(PB(z)) = NB(PB(NB(w))

= NB(w), by def. of PB

=z O

Besides the equivalence class approach to desgribin
integers, one could also construct the integersaking
the natural numbers, and including the additiveeise of
each. That is, for each natural number n, a nembew,
-n, is defined such that n + (-n) = 0. This neuwnber, -n,
is called the additive inverse of n. Note thas(t$ own
additive inverse. However, this construction of th
integers turns out to be rather lengthy and tediagsa



good deal of machinery needs to be developed fisr th
approach [4]. As an alternative, we choose tindehe
concept of negation inductively:

Inductive Definition of Is_Neg:Z - {True, False}
(i) Is_Neg(0)= False,
(i) 1s_Neg(NB(z))=—~Is_Neg(2);

A natural extension of negation is unary minus,clthive
denote, as usual, by -z:

Definition

0207, -z = NB(z) ff Is_Neg(z) :
PB(z) if =ls_Neg(z)

Corollary 2

Is_Neg(-z) if and only if 2 0 and-Is_Neg(z).

Proof: Follows directly from the definitions of Is_Neg
and unary minus. O

We now list several lemmas that relate the conodpt
negation with the functions NB and PB. These lemma
will be especially useful in the proofs of the theros that
follow.

Lemma 1
NB(NB(z)) if Is_Neg(z)
Oz O Z, NB(-z) =4 NB(0) ifn=20
z otherwise
Proof:
NB(NB(z)) if Is_Neg(z)
NB(-z) =1 NB(0) ifn=20 , by def. of neg.
NB(PB(z)) if =Is_Neg(z
NB(NB(z)) if Is_Neg(z)
= 4 NB(0) ifn=20 , by Cor. 1
z if =Is_Neg(z)
O
Lemma 2
z if Is_Neg(z)
OzOZ, PB(-z) =40 ifz=0
PB(PB(z)) if - Is_Neg(z

Proof:
PB(NB(z)) if Is_Neg(z)
PB(-z) =41PB(0) if z=0 , by def. of neg.
PB(PB(z)) if-Is_Neg(z
z if Is_Neg(z)
=40 ifz=20 , by def. of PB
PB(PB(z)) if - Is_Neg(z
O
Lemma3
0z07, -NB@) =4~ itls_Neg(z)
NB(NB(z)) if ~Is_Neg(z)
Proof:
PB(NB if Is_N
-NB(z) = (NB(2)) _I s_Neg(2) , by def. of neg.
NB(NB(z)) if =Is_Neg(z)
=17 T1s_Neg@) '\ det of PB
NB(NB(z)) if =Is_Neg(z)
O
Lemma 4
PB(PB(z2)) ifls_Neg(z)
0zOZ, -PB(z) =540 ifz=0
z if =1s_Neg(z)
Proof:
PB(PB(z)) ifls_Neg(z)
-PB(z) =4-PB(0) ifz=0 ,
NB(PB(z)) if-Is_Neg(z
by def. of neg.
PB(PB(z2)) ifls_Neg(z)
=4-0 ifz=0 ,
z if =Is_Neg(z)
by def. of PB and Cor. 1
PB(PB(z2)) ifls_Neg(z)
=40 ifz=0 ,
z if =Is_Neg(z)

by def. of neg.
O

Motivated by what we know about integers, we recogn
the importance of knowing the results of repeated
negation. Our first theorem deals with this edaént
concept. Theorem 1, as well as several other¢hen
below will look familiar. Our intent is not to sggst that



these statements are new, but rather to showttagtdan
be proven in an inductive description of the intsge

Theorem 1
0z0OZ, -(-z) = z.
Proof:
NB(z) if Is_Neg(z)
-(-2) =<0 ifz=20 , by def. of neg.
NB(NB(z)) if =Is_Neg(z)
z ifls_Neg(z)
=40 ifz=0 , by def. of neg.
z if =ls_Neg(z)
=z O

Since Lemma 4 gave an expression for -PB(z), we can
now use Theorem 1 to get a non-inductive definitadn
PB(z). We will be able to use the following coani} to
substitute for the term PB(z), which will help wsgrove
some of the lemmas and theorems that follow.

Corollary 3

-PB(PB(z)) ifls_Neg(z)
0zOZ, PB(z) =40 ifz=0

-Z if =1s_Neg(z)

Proof: Proof follows directly from Lemma 4 and
Theorem 1. O

In anticipation of the need to define addition and
subtraction, we give inductive definitions of bothe
predecessor and the successor functions. Thestdfiugs

will greatly facilitate the definitions that follow
Intuitively, if z is any given integer, pred(z) ==z1 and
suc(z) = z + 1, where — and + are the usual integer
subtraction and addition. Of course, at this stageare
using + and — in a purely intuitive way, since vevd not

yet built the machinery for addition and subtractin our
inductive approach.

We begin with an inductive definition of the predssor
function, and then we list several helpful lemmas.
Lemma 5 gives a non-inductive definition of pred@d
lemmas 6 and 7 relate pred and negation.

Inductive Definition of pred:Z - Z
(i) pred(0)= NB(0),
(i) pred(NB(2))
_ |PB(2) if 1Is_Neg(z)
- {NB(NB(NB(Z))) if =1s_Neg(z)

Lemmab

Pr oof:

NB(NB(z))
Oz O Z, pred(z) =< NB(0)

if Is_Neg(z)
ifz=0

PB(PB(z)) otherwise

pred(z) = pred(NB(PB(z2))

= {NB(0)

PB(PB(z2))

NB(NB(2))

= {NB(0)

Lemma6

PB(z)

NB(NB(NB(PB(2)))) if Is_Neg(z)

ifz=0 ,
otherwise

by def. of pred.

ifz=0

PB(PB(z)) otherwise

by Cor. 1

Oz0OZ, pred(-z) =y NB(0) ifz=0

Pr oof:

pred(-z) =

NB(z)

pred(NB(z))

pred(0)

pred(PB(z))

PB(z)
NB(0)

ifz= 0

if Is_Neg(z)

if Is_Neg(z)

if =1s_Neg(z)

if Is_Neg(z)

if—= Is_Neg(z

by def. of neg.

pred(NB(PB(PB(2))))
by def. of pred. and Cor. 1

PB(z)
NB(0)

if Is_Neg(z)
ifz=0 ,
i+ Is_Neg(z

if Is_Neg(z)
ifz=0

NB(NB(NB(PB(PB(z2))))) if- Is_Neg(z
by def. of pred.

if Is_Neg(z)

ifz=0 ,

PB(z)
NB(0)

NB(NB(PB(2)))

PB(z)
NB(0)
NB(z)

by Cor. 1
if Is_Neg(z)
ifz=0
if =Is_Neg(z)

by Cor. 1

if = 1s_Neg(z



Lemma7
NB(NB(NB(z))) ifls_Neg(z)
-pred(z) =4 NB(NB(0)) ifz=0
PB(PB(PB(z))) if- Is_Neg(z
Proof:
-NB(NB(2)) ifIs_Neg(z)
-pred(z) =<-NB(0) ifz=0 ,
-PB(PB(z)) if-Is_Neg(z
by Lemma 5
NB(NB(NB(z))) ifls_Neg(z)
= 1 NB(NB(0)) ifz=0 ,
PB(PB(PB(z))) if- Is_Neg(z
by Lemmas 3 and 4

O

Now we will do the same for the successor functidte

will first define the function inductively, and thelist
several lemmas, some of which give alternate forms.
Lemma 9, in particular, gives an alternative déifomi of
successor that uses the predecessor function.

Inductive Definition of suc:Z - Z

(i) suc(0)= NB(NB(0)),
(i) suc(NB (Z)){NB(NB(NB(Z))) if Is_Neg(z)

PB(z) if =1s_Neg(z)

Lemma9

Alternative Inductive Definition of suc(zf - Z
(i) suc(0)= NB(NB(0)),

NB(NB(NB(z))) if Is_Neg(z)
(i) suc(NB(z)) =0 ifz=0 ;
NB(pred(z)) otherwise

Proof: Note that this lemma is similar to the Inductive
Definition of suc(z) above. The only things thatain to
prove are that suc(NB(0) = 0, and that
NB(pred(z)) = PB(z), ifIs_Neg(z).

suc(NB(0)) = PB(0),
= O,

by def. of suc
by def. of PB
If =1s_Neg(z), NB(pred(z)) = NB(PB(PB(z)),
by Lemma 5
= PB(2),
by Cor. 1
O

Lemma 10 gives a non-inductive definition of suc(z)

Lemma 10

0z0O7Z, suc(z) = PB(PB(2)) ifIs_Neg(z)
’ NB(NB(z)) if ~Is_Neg(z)

Proof:

If z=0, suc(0)
If z £ 0, suc(z)
_|PB(PB(2))
| NB(NB(NB(PB(2))))

= NB(NB(0)), by def. of suc.
= suc(NB(PB(z2)), by Cor. 1

if Is_Neg(z)
if=1s_Neg(z) and #
by def. of suc

NB(NB(z)) if =Is_Neg(zandz #0’
by Cor. 1

_ {PB(PB(Z)) if 1s_Neg(z)

O

Lemmas 11, 12, and 13 relate the successor funatidn
negation.

Lemma 11
NB(NB(NB(z))) if Is_Neg(z)
Oz OZ, suc(-z) = NB(NB(2)) ifz=0
PB(PB(PB(z))) if- Is_Neg(z
Proof:
If z=0, suc(-0) = suc(0), by def. of neg.

= NB(NB(0)), by def. of suc

suc(NB(z)) if Is_Neg(z)

suc(PB(z)) if-~ Is_Neg(z) andz
by def. of neg.

If z# 0, suc(-z) ={

_ | NB(NB(NB(2))) if Is_Neg(z)
- {suc(NB(PB(PB(z)))) if+ Is_Neg(z) and#z '

by def. of suc and Cor. 1
_ | NB(NB(NB(2))) ifls_Neg(z)
- {PB(PB(PB(Z))) it~ Is_Neg(z) andz

by def. of suc

O

Lemma 12

PB(z) ifls_Neg(z)

Oz0OZ, -suc(z) ={NB(Z) if =1s_Neg(z)

Proof:
suc(z) = -PB(PB(2)) .|f Is_Neg(z) ’
-NB(NB(z)) if =Is_Neg(z)
by Lemma 10



_ | PB(z) ifls_Neg(z)
NB(z) if =ls_Neg(z)
by Cor. 3 and Lemma 3

O
Lemma 13
0207, -suc) :{NB(suc(z)) | if Is_Neg(z).
NB(z) if =1s_Neg(2)
Proof:
-suc(z) ={ PB() . it Is_Neg(z), by Lemma 12
NB(z) if =ls_Neg(z)
_ {NB(PB(PB(Z))) | if Is_Neg(z)’ by Cor. 1
NB(z) if =1s_Neg(z)
_ {NB(suc(z)) _ if Is_Neg(z)’ by Lemma 10
NB(z) if =1s_Neg(z)
O

The following corollary shows the relationship betm
the predecessor and successor functions:

Corollary 4
Oz OZ, pred(-z) = -suc(z).

Proof: The proof follows directly from Lemmas 12 and
6. O

Theorem 2 exhibits the inverse relationship betwasea
and suc.

Theorem 2
Oz O Z, pred(suc(z)¥ z = suc(pred(z)).

Proof:
pred(suc(z)) ,:pfed(PB(PB(Z))) ifls_Neg(2)
pred(NB(NB(2))) if- Is_Neg(z
by Lemma 10

_ | pred(-PB(¥ if Is_Neg(z)
- {PB(NB(Z)) if =1s_Neg(z)
by Lemma 4 and def. of pred

_ | NB(PB(2)) if Is_Neg(z)
- {z if ~1s_Neg(z)

by Lemma 6 and def. of pred
_ if Is_Neg(z)
- { if =1s_Neg(z)

by Cor. 1

z
z

=Z

suc(NB(NBg))) if Is_Neg(z)
suc(pred(z)) = suc(NB(0)) ifz=0 ,
suc(PB(PBf))) otherwise

by Lemma 5

PB(NB(z))) if Is_Neg(z)
=<0 ifz=0 ,
suc(PB(-z) otherwise

by def. of suc, and Lemmas 9 and 2
z if Is_Neg(z)
=<0 ifz=0 ,
suc(NB(PBPB(-z)))) otherwise
by def. of PB and Cor. 1
z if Is_Neg(z)
=<0 ifz=0 ,
NB(NB(NB(PB(PB(-z)))) otherwise

by def. of suc
z if Is_Neg(z)
=40 ifz=0 ,
NB(NB(PB(z))) otherwise

by Cor. 1
z if Is_Neg(z)
=40 ifz=0 ,

NB(-z) otherwise

by Cor. 1
z if Is_Neg(z)
=40 ifz=0 ,
Z otherwise

by Lemma 1
=z
O

We are now ready to define subtraction. Note that
symbol that we use to denote subtractieh i§ slightly
different from the symbol used to designate unary
negation (-).

Inductive Def. of subtraction: If m,mlZ, then
(i) m-0=0,
(i) m—NB(n)
_J-(m = n) if Is_Neg(n)
suc(-(-m- n)) if = Is_Neg(r’

We now state some important lemmas concerning
subtraction. We include a few typical proofs.



Lemma 14
Om,nOZ, -(m—n) =-m— (-n).

Proof:

Base Case: -(m—-0) =-m, by def. of —
=-m-0, by def. of —
=-m - (-0), by def. of neg.
Induction Hypothesis: -(m —n) =-m — (-n)

-(-(-m- if Is_N
(m—NB(y =) CCm=m) ifis Negn)
- suc(-(-m—n)) if =1s_Neg(n)
by def. of-
- (-(m)=(-n)) if Is_Neg(n)
suc(-(-(-m- (-n)))) if =ls_Neg(n)
by the Ind. Hyp.
=-m - (-NB(n)),
by def. of-
O
Lemma 15
0z0OZ,0-z=-z.
Proof:
Base Case: 0-0 =0, by def. of —
=-0, by def. of neg.
Inductive Hypothesis: 0 -z =-z
0-NB@Z) = -(-0-2) ff Is_Neg(z) ’
suc(-(-0-2z)) if =Is_Neg(z)
by def. of —

_|0=(-2) if Is_Neg(z)
{suc(o— (-2)) if =ls_Neg(z)
by Lemma 14 and def. of neg.
|z if Is_Neg(z)
- {suc(z) if =1s_Neg(z)
by the Ind. Hyp.
=-NB(2),

by Lemmas 3 and 12
O

Lemma 16
Ox,y O Z, suc(x —y) = x — pred(y).

We now define addition in terms of subtraction. YWen
state several theorems that relate subtractioraddiion.

Definition of Addition: Om,n0Z, m+n=-(-m—n).

The following lemma provides an inductive definitiof
addition in terms of subtraction and the successor
function:

Lemma 17

m + NB(n) ={

m-n if Is_Neg(z)

-suc(m-n) if =Is_Neg(z)

Theorem 3 demonstrates that subtraction an integer
equivalent to adding its inverse.

Theorem 3
Om,nOZ, m+ (-n) =m-n.

Pr oof

m + (-n) = -(-m — (-n)), by def. of +
= -(-m) — (-(-n)), by Lemma 14
=m-n, by Theorem 1

O
Theorem 4 shows that negations distributes oveitiadd

Theorem 4
Ox,yOZ, -(x+y)=-x—Y.

Theorem 5 gives alternate expressions for the ssoce
and predecessor of a sum and difference.

Theorem 5
(& Om,n0OZ, suc(m+ n)=m+ suc(n).
(b) Om,n0O Z, pred(m+ n)=m+ pred(n).
(c) Om,n0OZ, suc(m-n)=m- pred(n).
(d) Om,n0OZ, pred(m-n)=m- suc(n).

Finally, the last two theorems we will present fyethat
integer addition is commutative and associativeenroair
inductive system. We withhold the proofs, for bate
fairly long, but both theorems are proven by indct

Theorem 6
OmnOZ, m+n=n+m.

Theorem 7
Ok,m,n0OZ, (k+ m)+n=k+ (m+n).

4. CONCLUSION

We have presented an inductive approach to desgribi
the set of integers with the operation of additiofss is
necessary, the usual results of traditional intebeory
hold. We plan to extend these methods to indulgtive
define integer multiplication and to prove the dsua
properties. It will be interesting to discover wha
innovations result from this new way of thinkingoal
the integers.



In fact, an interesting question concerns othetesys
that are countable. Since we took advantage of the
countability of the integers to construct our waitlering,

it seems likely that our methods can be extendeutter
countable sets. The key to induction is well-oirafgr
Since every countable set can be well-ordered meso
way (else, how would one determine it was counjalile
should be possible to derive a function that alldevsthe
generation of additional elements from the leasineint.
Thus, at some point, the rational numbers may be
described inductively, and will not require the \po&is
construction of the natural numbers and the ingeger

Perhaps most intriguing is the idea tlaay set can be
well-ordered. In 1904, Ernst Zermelo proved thas t
Well-Ordering Theorem, which states tlaatty set can be
well-ordered, is logically equivalent to the Axiowf
Choice [3]. Thus, if we accept the Axiom of Chmieve
must also accept the possibility that any set can b
described inductively. It is difficult to even begto
imagine an inductive definition of the real numbers
However, as we have demonstrated, a well-ordesrani
important beginning to an inductive definition. rRaps
what is truly important is that the well-orderingdlf be
describable; existence may not be enough. In ase,c
we are inspired to carry out future investigatiatoithe
inductive properties of sets.
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