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Abstract: We analyze the competitive ratio of two greedy online algorithms for routing permanent virtual
circuits in a network with arbitrary topology and uniform capacity links. We show that the competitive ratio
of the first algorithm, with respect to network congestion, is in V(=$m) and O(=$+m), where m is the
number of links in the network, $ is the maximum ratio, over all requests, of the length of the longest path
for the request to the length of the shortest path for the request, and + is the ratio of the maximum-to-
minimum bandwidth requirement. We show that the competitive ratio of the second greedy algorithm is
in V(d 1 log(n 2 d)) and min{O(d log n), O(=$+m)} when the optimal route assignment is pairwise
edge disjoint, where n is the number of network nodes and d is the length of the longest path that can be
assigned to a request. It is known that the optimal competitive ratio for this problem is Q(log n). Aspnes
et al. designed a Q(log n) competitive online algorithm that computes an exponential function of current
congestion to make each decision. The greedy online algorithms, although not optimal, make each
decision more quickly and still have good competitive ratios in many nontrivial situations. © 1999 John
Wiley & Sons, Inc. Networks 34: 136–153, 1999

1. INTRODUCTION

The problem of assigning routes to virtual circuit requests in
B-ISDN networks has become an important topic of re-
search. Each virtual circuit request consists of a bandwidth
requirement between two nodes in the network, to support
some service requiring a quality of service (QOS) guaran-
tee. It is likely that such requests will arriveonline: An

algorithm will need to assign a route to each request before
future requests (if any) are known. When nothing is known
about the arrival process of the requests, it is customary to
analyze online algorithms with respect to theircompetitive
ratio, the supremum over all request sequences of the ratio
between the performance of the online algorithm, and that
of anofflinealgorithm which can see the future and use this
knowledge to make its decisions optimally.

We are interested in the problem of routing permanent
virtual circuit requests, those that are assumed to exist
indefinitely. It is known that the optimal competitive ratio
for this problem isQ(log n) with respect to network con-
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gestion, wheren is the number of network nodes. Aspnes et
al. [1, 2] designed an optimalO(log n) competitive online
algorithm that computes an exponential function of current
congestion to make each decision. We will study the com-
petitive ratio of two simpler greedy online algorithms for
networks with arbitrary topology and uniform capacity links
that, although not optimal, make each decision much more
quickly and still have good competitive ratios for many
nontrivial situations.

1.1. Problem Statement

The online permanent virtual circuit routing problem is
formally defined as follows: We are given a weighted di-
rected graphG 5 (V, E, c) representing a communication
network. The setV represents a set of machines and the set
E represents a set of unidirectional communication links
between machines. The functionc : E 3 {1, 2, 3, . . .}
describes the capacity of the network links. We will assume
that, for alle [ E, c(e) is equal to an arbitrary constantw.
We do not believe that such an assumption causes much loss
of practical generality, especially in the context of backbone
networks. The input to our problem is a sequence of per-
manent virtual circuit requestss 5 f1, f2, . . . , fk. Eachfj
[ s is represented by a tuple (sj, tj, l j, aj). The nodessj,
tj [ V are the source and destination of the request,
respectively. The valuel j [ {1, 2, 3, . . .} is the required
bandwidth of the virtual circuit, andaj [ {0, 1, 2, . . .} is
the request’s arrival time. Each permanent virtual circuit is
assumed to exist indefinitely. Equivalently, one may think
of this model as one in which the finishing times of all
requests are the same. When a requestfj [ s arrives, a
centralized online algorithm must immediately assign tofj a
path Pj [ 3j, where 3j is the set of paths between
machinessj and tj in the network, based solely on the
decisions it made for requestsf1, f2, . . . , fj21.

We will seek to minimize thenetwork congestion,de-
fined to be the maximum, over all links in the network, of
the ratio of the bandwidth assigned to the link to the link’s
capacity. Minimizing congestion attempts to avoid hot spots
or bottlenecks by spreading the bandwidth as evenly as
possible over the network links. Minimizing congestion also
attempts to increase the network bandwidth available for
other users and applications. Formally, we define

m j~e! 5 O
i,j:e[Pi

l i

c~e!
(1)

to be thecongestion on link eafter an online algorithm has
routed requestsf1, f2, . . . , fj21. (The particular online
algorithm will always be clear in the current context.) For
simplicity, let m(e) 5 mk11(e), the congestion on linke
after an on-line algorithm has routed allk requests. The

congestion on path Pafter an online algorithm has routed
requestsf1, f2, . . . , fj21 is defined to be

m j~P! 5 max
e[P

m j~e!.

Let m(P) 5 mk11(P). Finally, thenetwork congestionafter
an online algorithm has routed requestsf1, f2, . . . , fj21 is
defined to be

m j 5 max
e[E

m j~e!.

The total congestion incurred by an online algorithm is
denotedm 5 mk11. Clearly, since we do not allow requests
to be rejected, the congestion of a link may exceed one. If
an optimal offline algorithm can service the request se-
quence while maintaining congestion at most one, and an
online algorithm incurs congestionc . 1, this is an indi-
cation that the algorithm requires that the network capacity
be increased by a factor ofc in order to service the se-
quence. Alternatively,c . 1 may be interpreted as a degree
of slowdown in service. From a theoretical point of view,
the factorc is also an indication of how well the online
algorithm can find suitable routes.

An online algorithm for a minimization problem is tra-
ditionally called competitiveif it always finds a solution
whose cost, or objective function value, is within a small
factor of the cost incurred by an optimal offline algorithm.
This technique is known ascompetitive analysis[19]. Intu-
itively, competitive analysis measures the degree to which
the performance of an online algorithm suffers, due to its
lack of knowledge about the future, compared to that of an
optimal offline algorithm. Formally, consider an online al-
gorithm A for a minimization problem, and let cost(s) be
the cost of the solution obtained byA given request se-
quences. Let cost*(s) be the cost obtained by an optimal
offline algorithm given the same request sequence.

Definition 1. Online algorithmA is c competitive for a
minimization problem if and only if, for all request se-
quencess, cost(s) # c z cost*(s) 1 a, where a is a
constant.

Definition 2. The competitive ratio of online algorithmA
for a minimization problem is defined to be sups[cost(s)/
cost*(s)].

Competitive analysis allows us to analyze online algo-
rithms in a robust way without having to make any assump-
tions about the input. Since the optimal performance is
fixed, this method also allows us to compare the perfor-
mance of two online algorithms by using the optimal per-
formance as a benchmark.
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1.2. Related Research

There are at least three related threads of research that relate
to the online routing problem we consider. We will first
describe these results and then explain how our contribution
is related.

Mao and Simha [23] studied three simple online list
scheduling (LS) algorithms for permanent virtual circuit
routing. The three online routing algorithms are described as
follows:

Algorithm LS1. For requestfj, assign any routeP [ 3j.

Algorithm LS2. For requestfj, assign a routeP [ 3j

with the fewest links that have been used before.

Algorithm LS3. For requestfj, assign any routeP [ 3j

which minimizes

maxe[EH m j~e!, e¸P

m j~e! 1
l j

c~e!
, e [ P .

Mao and Simha showed that the competitive ratios of
algorithmsLS1 and LS2 are V(k), and the competitive
ratio of algorithmLS3 is V(=k) [and, implicitly, V(=m),
wherem is the number of network links], with respect to
congestion, even on two-layer directed networks with unit
capacity links. Simulation experiments showed that in prac-
tice bothLS2 andLS3 outperformLS1 by a large margin
while LS3 constructs schedules just a little better thanLS2
does. Mao and Simha left open the upper bound ofLS3 and
the question of whether there exist better greedy algorithms.

Aspnes et al. [1, 2] designed an elegant, asymptotically
optimal online algorithm, based on techniques to approxi-
mately solve offline multicommodity flow problems [20, 21,
25], which assigns to each request a shortest path with
respect to the following exponential cost function:

coste~ j ! 5 amj~e!1lj/c~e! 2 amj~e!,

wherea 5 1 1 g for any 0, g , 1. This algorithm, which
we will call EXP_ROUTE, is O(log n) competitive, wheren
5 uVu, on arbitrary networks.* Furthermore, Aspnes et al.
proved thatEXP_ROUTE is optimal (up to a constant factor)
by showing that no algorithm can have a competitive ratio
better than (logn 2 1)/ 2. An alternative proof, showing a
lower bound of (logn 1 3)/ 2, was given in [17]. For
switched virtual circuits, Azar et al. [9] showed how to
derive aO(log(nT)) competitive algorithm, whereT is the

maximum duration of a virtual circuit, by concurrently
using this algorithm to solve one instance of permanent
virtual circuit routing for each time step. Awerbuch et al. [6]
noted that the competitive ratio of any online algorithm for
routing switched virtual circuits with unknown durations
must beV~Î4 n!. However, they designed aO(log n) com-
petitive algorithm that reroutes a requestO(log n) times.

The virtual circuit routing problem has also been studied
in a model in which requests may be rejected and the goal
is to maximize the throughput (or, more generally, the
profit) of accepted requests. When durations are unknown,
no competitive algorithm exists for the problem, even on a
single link and even if preemption is allowed [13]. How-
ever, Awerbuch et al. [5] designed an admission control and
routing algorithm for virtual circuits with known duration.
As with EXP_ROUTE, the algorithm first assigns to each link
a cost that is an exponential function of the current conges-
tion. Then, a request is accepted only if there exists a route
whose total cost is small relative to the profit to be gained by
accepting it. If the profit of a request is proportional to its
throughput and the bandwidth requirement of each request
is small relative to the link capacities, then the algorithm is
O(log(nT)) competitive on general networks. By removing
the element of time, anO(log n) competitive algorithm for
permanent virtual circuits can be derived from this result
[24]. Without the above assumptions, randomized online
algorithms with polylogarithmic competitive ratios have
been designed for trees, meshes, trees of meshes, and hy-
percubes [7, 8, 22]. For a distributed environment, Awer-
buch and Azar [3] designed randomized online algorithms
with polylogarithmic competitive ratios.

The online permanent virtual circuit routing problem that
we consider is a generalization of an online load balancing
problem in which each in a sequence of permanent jobs
must be assigned to one ofn independent, parallel ma-
chines. In general, jobj is specified by a tuple (p( j ), aj),
wherepj is the job’s load vector andaj is the job’s arrival
time. Each componentpi( j ) of the load vector is the weight
of the job if assigned to machinei . In theidentical machines
case, the weight of every job is the same for all machines
and is denotedwj. In the identical machines with assign-
ment restrictioncase, eachpi( j ) is either equal to a constant
wj or `. In the related machinescase,pi( j ) 5 wj/s(i ).
When a job arrives at the scheduler, it must be assigned
immediately to exactly one machine, whose load is in-
creased by the appropriate component of the job’s load
vector. The goal of any algorithm is to minimize the max-
imum load on the machines.

When machines are identical, the problem is the classical
machine scheduling problem for which Graham [15] proved
that the greedy algorithm which assigns each job to the
machine with the least load is (22 1/n) competitive.
Recently, new algorithms with constant (for alln) compet-
itive ratios strictly less than two were designed by Bartal et

* This is technically only true if the optimal congestion is 1. For the
more general case, the algorithm must be modified to work in phases, with
a factor of 4 increase in the competitive ratio.
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al. [12] and Karger et al. [18]. For the identical machines
with assignment restriction case, Azar et al. [10, 11] proved
that the greedy algorithm islog n 1 1 competitive. They
further showed that this bound is tight, up to an additive 1,
by proving a lower bound oflog(n 1 1) for any algo-
rithm. They also designed a randomized algorithm which is
ln n competitive against an oblivious adversary and proved
this result is tight as well. For the related machines case, the
greedy algorithm is alsoQ(log n) competitive, but Aspnes
et al. [1] showed that a nongreedy algorithm is 8 competi-
tive. For the most general case, where the load vector is
unrestricted, Aspnes et al. [1] designed aO(log n) compet-
itive algorithm. The greedy algorithm in this case isQ(n)
competitive.
EXP_ROUTE is a generalization of the aforementioned

O(log n) competitive online algorithm for load balancing
permanent jobs in the most general unrelated machines case.
Since the greedy algorithm for this load balancing problem
is Q(n) competitive, so is any greedy algorithm for the most
general case of virtual circuit routing in which the load
applied to a link by a request is independent of the link’s
capacity. However, the greedy load balancing algorithm is
Q(log n) competitive in the identical machines with an
assignment restriction case [10, 11]. This raises a natural
question: Is a generalization of the greedy algorithm simi-
larly competitive for virtual circuit generalizations of this
load balancing problem? This is the question in which we
are interested.

A motivation behind greedy algorithms is the possibility
of reducing the control overhead involved in virtual circuit
routing.EXP_ROUTE is capable of making excellent routing
decisions but requires the computation of many exponential
functions with real bases and exponents for each decision.
We wonder whether algorithms that require fewer compu-
tational resources can also demonstrate sufficient efficiency
in at least some nontrivial cases. In a distributed setting, the
communication cost inherent in collecting network status
information might dominate this improvement in local com-
putation. However, in a centralized environment like that
considered here and in essentially all the results cited pre-
viously, this communication cost is negligible since the
centralized algorithm, as the only controller in the network,
can assume up-to-date information at all times. In any case,
an improvement in local computation cost has the potential
to increase the serviceable arrival rate in a large network.

1.3. Outline

In Section 2, we will improve the lower bound given by
Mao and Simha [23] forLS3 (calling it GREEDY_ROUTE1)
and provide an upper bound with respect to congestion that
is tight in many cases, including the ones considered in [23].
Specifically, we will prove that, when the bandwidth re-
quirements of requests are approximately equal (or when
various other conditions hold), the competitive ratio of

GREEDY_ROUTE1 is Q(=$m) on arbitrary networks, where
$ is the maximum over all requests of the ratio of the
lengths of the longest-to-shortest path for the request andm
is the number of network links. We also provide a lower
bound for layered networks (in which case$ 5 1) which
shows that the competitive ratio isQ(=m) in this case.
When bandwidth requirements are arbitrary, the upper
bounds are increased by a factor ofO(=+), where+ is the
ratio of the maximum-to-minimum bandwidth requirement,
although we suspect that this term does not belong in the
true competitive ratio.

In Section 3, we analyze a better greedy algorithm called
GREEDY_ROUTE2 and show that it is (approximately)O(d log n)
competitive, whered is the length of the longest path
assigned to a request.† Therefore, for networks with rela-
tively short paths relative ton, this algorithm performs well;
if d 5 O(log n), the competitive ratio is polylogarithmic,
and if d 5 O(1), the competitive ratio is asymptotically
optimal. We also prove a lower bound ofV(d 1 log(n 2 d))
for arbitrary networks andV(d 1 log(n

d
2 d)) for layered

networks. We stress that the upper bounds for both
GREEDY_ROUTE1 andGREEDY_ROUTE2 apply toarbitrary net-
works, that is,GREEDY_ROUTE2 is polylogarithmically com-
petitive foranynetwork withd 5 O(log n) rather than just
those with a specific topology.

The analyses ofGREEDY_ROUTE1 andGREEDY_ROUTE2 an-
swer an interesting question about the generalization of the
greedy algorithm to routing. On the one hand, the greedy
load balancing algorithm, when applied to routing, is no
longer optimal, having a competitive ratio inv(log n) for
general networks. On the other hand, it may perform well in
some cases. The primary reason that the greedy algorithms
can perform poorly is that they can choose routes that are
unnecessarily long, thereby increasing the congestion on too
many links. Taking this into account, the factor ofd in the
competitive ratio ofGREEDY_ROUTE2 makes intuitive sense.

We should mention thatGREEDY_ROUTE2 is identical to
the min–max algorithm simulated in [14] and compared to
the min–hop algorithm and a variant ofEXP_ROUTE. In
these simulations, the goal was to maximize throughput
rather than to minimize congestion.GREEDY_ROUTE2 was
shown to route up to 25% less throughput than the expo-
nential algorithm. But the simulated network contains many
routes with lengths close ton. (By inspection, it is easy to
see that, for most source/destination pairs, there is a simple
path that contains at least 75% of the network nodes.) We
suspect that the simulation results would be different in a
network with shorter paths.

† Our upper bound holds if the optimal route assignment has a small
degree of overlap. We discuss this further in Section 3.
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2. ONLINE ALGORITHM GREEDY_ROUTE1

In this section, we analyze the competitive ratio of
GREEDY_ROUTE1 on networks with uniform link capacityw.
We formally defineGREEDY_ROUTE1 in the following way:

Algorithm GREEDY_ROUTE1. For requestfj, assign any route
P [ 3 j which minimizes

maxe[EH m j~e!, e¸P

m j~e! 1
l j

w
, e [ P .

Ties are broken arbitrarily.

In other words,GREEDY_ROUTE1 will choose any path that
does not increase the current network congestion, unless
such an increase is unavoidable.

Before we can state our results formally, it will be
necessary to define some notation. The following definitions
hold for any particular problem instance, consisting of a
request sequences 5 f1, f2, . . . , fk and a networkG:

● dj 5 minP[3 j
uPu is the length of the shortest path be-

tween nodessj and tj.
● Dj 5 maxP[3 j

uPu is the length of the longest path be-
tween nodessj and tj.

● $ 5 max1#j#k(Dj/dj).
‡

● l 5 min1#j#kl j is the minimum bandwidth requirement
among the requests ins.

● L 5 max1#j#kl j is the maximum bandwidth requirement
among the requests ins.

● + 5 L/l.

We will prove in Section 2.2 that the competitive ratio of
GREEDY_ROUTE1 is O(=$+m) on arbitrary networks, which
is greater than the lower bound in [23] by a factor of
O(=$+). In Section 2.3, we will present an improved
lower bound, showing that our upper bound is, in fact, off
by at most a factor ofO(=+), in general. The upper bound
is asymptotically tight when the bandwidth requirements of
the requests differ by a constant factor. We will show that
the upper bound is tight when other conditions hold as well.

2.1. Trade-offs Between Time Complexity
and Routing Efficiency

If we compareGREEDY_ROUTE1 andEXP_ROUTE [1], we see a
clear trade-off between computational requirements and
routing efficiency. The routes assigned byEXP_ROUTE are

guaranteed to be asymptotically optimal, but at a relatively
heavy computational price, arising from its many computa-
tions of exponential functions with real bases and expo-
nents. On the other hand,GREEDY_ROUTE1, which requires
only addition and comparisons, provides fast and simple
decision making at the expense of the quality of the route
assignment. Consider for a moment instances where$ and
+ are small. For these instances, the difference between the
competitive ratio ofGREEDY_ROUTE1 and that ofEXP_ROUTE
is obviously arbitrarily large if we consider arbitrarily large
networks. However, if we consider real networks with less
than a few hundred uniform speed links, the competitive
ratios of the two algorithms do not differ significantly.
Whenm # 250, =m is at most twice logm, and whenm
# 850, =m is at most three times logm. Even whenm
5 2000,=m is just slightly more than four times logm.§

The upper bound forGREEDY_ROUTE1 also depends on the
two factors=$ and=+. The existence of the first factor
is intuitive: The algorithm does not prefer short paths to
long ones (asEXP_ROUTE does) and therefore may add to the
congestion of many more links than is necessary. For some
networks though, including all layered networks,$ 5 O(1),
andGREEDY_ROUTE1 is guaranteed to beO(=+m) competitive.
Although it seems unlikely that$ would be a large function of
m in most networks, if this were the case, it might be reason-
able to limit the paths from whichGREEDY_ROUTE1 is allowed to
choose in order to minimize the error. We conjecture that the
second factor does not belong in the true competitive ratio.
However, if the competitive ratio ofGREEDY_ROUTE1 does de-
pend on=+, thenGREEDY_ROUTE1 is more efficient on in-
stances consisting of requests with like bandwidth require-
ments. Such instances are common. For instance, in a network
serving video or audio streams to customers, each request
would require equal bandwidth.

2.2. An Upper Bound

In this section, we will prove our upper bound on the
competitive ratio ofGREEDY_ROUTE1:

Theorem 1. The competitive ratio ofGREEDY_ROUTE1 is
O(=$+m).

In the proof of Theorem 1, we will use the following
notation relating to an arbitrary problem instance.

‡ The value$ can actually be defined to be max1#j#k(uPj u/dj) and the
results in this section will still hold. But since this quantity depends on
arbitrary decisions thatGREEDY_ROUTE1 makes, it seems less desirable.

§ Since we are considering small values ofm, it would be inappropriate
to continue without addressing the constants hidden in the big-oh notation.
For GREEDY_ROUTE1, the constant is only=2, and for EXP_ROUTE, the
constant is some number strictly greater than 1, which depends on constant
parameters chosen by the algorithm designer. When it is not assumed that
the optimal congestion is 1, this constant increases by a factor of 4.
Therefore, we can safely ignore the constants in our comparison.
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● Let P*j denote the path assigned to requestfj [ s by an
optimal offline algorithm.

● Let s* denote the optimal network congestion for the
problem instance.

● Let L̃ 5 L/w, where L is the maximum bandwidth
requirement of a request andw is the capacity of the
network links. Notice that

m* $ L̃. (2)

● Let k 5 m/L̃, wherem is the congestion of the routes
assigned byGREEDY_ROUTE1. For eachi 5 1, 2, . . . ,k,
fyi

[ s is the first request to cause a link to have
congestion at leastiL̃ in the route assignment constructed
by GREEDY_ROUTE1. In other words, for allyi, myi11

(Pyi
)

$ iL̃, andmh(e) , iL̃ for all edgese [ E and allh 5 1,
2, . . . , yi.

● For eachi 5 1, 2, . . . ,k, ezi
[ Pyi

is a link satisfying
myi11

(ezi
) 5 myi11

(Pyi
). Ties are broken in favor of the

link with the smallest index.

The following three lemmas are fundamental to the proof
of Theorem 1. The first two lemmas motivate our definitions
of yi andzi. Lemma 1 states that no two indices in the set
{ y1, y2, . . . , yk} are the same and Lemma 2 quantifies the
congestion on any pathP [ 3yi

just beforefyi
arrives and

is assigned a route. Lemma 3 is a technical detail used to
bound the total congestion incurred byGREEDY_ROUTE1 in
terms ofm*.

Lemma 1. For all integersh and i , 1 # h , i # k, yh

Þ yi.

Proof. Assume that there existh andi , where 1# h , i
# k, such thatyh 5 yi. Since, by definition,myi11

(ezi
)

$ iL̃, we know that

myi
~ezi

! $ ~i 2 1!L̃. (3)

We also know, by definition, thatmyh
(e) , hL̃, for all e

[ E. In particular, we know thatmyh
(ezi

) , hL̃. But since
yh 5 yi, myi

(ezi
) 5 myh

(ezi
) , hL̃ # (i 2 1)L̃, which is a

contradiction to (3). ■

Lemma 2. For all i 5 1, 2, . . . ,k, myi
(P) $ (i 2 1)L̃

for all P [ 3yi
.

Proof. Suppose that there exists a pathP [ 3yi
such

that myi
(P) , (i 2 1)L̃. Since, by definition,myi11

(Pyi
)

$ iL̃, we know thatmyi
(Pyi

) $ (i 2 1)L̃. But this means
that GREEDY_ROUTE1 should have assignedfyi

to path P
rather thanPyi

(ÞP), since this decision would have re-
sulted in a smaller network congestion. (Notice that the
network congestion did increase with requestfyi

by the
definition of yi.) This is a contradiction to the selection of
Pyi

by GREEDY_ROUTE1. ■

Lemma 3. $mm* $ ¥e[E m(e).

Proof. Since no algorithm can assign a requestfj to more
thanDj links, and the optimal solution had to have assigned
each request to at leastdj links, it must be the case that

max
1#j#k

Dj

dj
O
e[E

m* ~e! $ O
e[E

m~e!.

The lemma follows from the fact that

$mm* $ max
1#j#k

Dj

dj
O
e[E

m* ~e!. ■

We can now use the preceding lemmas to prove the main
result of this section.

Proof of Theorem 1.From Lemma 2, we know that, in
particular,myi

(P*yi
) $ (i 2 1)L̃ for all i 5 1, 2, . . . ,k.

Thus,

O
i51

k

myi
~P*yi

! $ O
i51

k

~i 2 1!L̃ .

Sm

L̃
2 2D 2

L̃

2
. (4)

To clarify the presentation, let us assume for the moment
that the paths in the set {P*y1

, P*y2
, . . . , P*yk

} are pairwise
edge disjoint. From this assumption and the fact thatyi # k,
we see that

O
e[E

m~e! . O
e[E

mk~e! $ O
i51

k

myi
~P*yi

!. (5)

Combining this fact with (4) and Lemma 3, we see that

$mm* $ O
e[E

m~e! by Lemma 3

$ O
i51

k

myi
~P*yi

! by (5)

.

Sm

L̃
2 2D 2

L̃

2

by (4).

Using (2), this implies that

m , S Î2$mm*

L̃
1 2D L̃ # ~Î2$m 1 2!m*. (6)

So when the paths in the set {P*y1
, P*y2

, . . . , P*yk
} are

pairwise edge disjoint,GREEDY_ROUTE1 is O(=$m) com-
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petitive. (See Corollary 1 below.) But to prove the theorem,
we must consider the more general case in which the opti-
mal paths in the set {P*y1

, P*y2
, . . . , P*yk

} are not necessar-
ily pairwise edge disjoint.

In general, letI $ 1 be the maximum number of paths
in the set {P*y1

, P*y2
, . . . , P*yk

} that intersect at an edge.
Obviously,

m* $
Il

w
. (7)

When I . 1, inequality (5) is not necessarily true because
the congestion on some edgese [ E may be counted up to
I times in the summation on the right-hand side. However,
with the aid of Lemma 1, we can modify (5) to say that

I O
e[E

m~e! . O
i51

k

myi
~P*yi

!. (8)

Then, we see that

$mIm* $ O
e[E

m~e! by Lemma 3

$ O
i51

k

myi
~P*yi

! by (8)

.

Sm

L̃
2 2D 2

2
z L̃

by (4).

Using (2) and (7), this implies that

m , S Î2$mIm*

L̃
1 2D L̃ # ~Î2$+m 1 2!m*. (9)

Thus,GREEDY_ROUTE1 is O(=$+m) competitive. ■

We note that there are several realistic conditions
under which we can infer that the competitive ratio of
GREEDY_ROUTE1 is O(=$m). We define afeasiblerequest
sequence to be one for which there exists a set of routes
with congestionm* # 1. We point out that this modified
definition of competitive,which limits consideration to a
subset of instances, namely, feasible instances, has ap-
peared previously in the literature [4].

Corollary 1. The competitive ratio ofGREEDY_ROUTE1 is
O(=$m) if any of the following are true: a)

(a) + 5 O(1);

(b) The set of optimal routes is pairwise edge disjoint;

(c) The request sequence is feasible andw 5 O(1) or w
5 O(l); or

(d) L # w andw 5 O(1) or w 5 O(l).

Proof. Part (a) is obvious and part (b) follows from (6).
For part (c), notice that whenm* # 1, Il # w. Also, L̃
# m* # 1. Substituting into (9),

m , Î2$L̃mIm* 1 2L̃ # Î2$m w
l

1 2 5 O~Î$m!.

For part (d), notice that whenL # w it follows thatL̃ # 1.
Substituting into (9),

m , Î2$L̃mIm* 1 2L̃

# Î2$m w
l
~m* !2 1 2 # O~Î$m!m*. ■

Notice that the first condition in part (d) must hold for
real virtual circuit request sequences. Otherwise, the request
with the largest bandwidth requirement cannot be assigned
to any route without exceeding link capacities.

2.3. A Lower Bound

In this section, we show that the upper bound in Theorem 1
is tight up to a factor of=+, in general, and tight up to a
constant factor when at least one of the conditions in Cor-
ollary 1 is true. This result is formally stated as follows:

Theorem 2. The competitive ratio ofGREEDY_ROUTE1 is
V(=$m) for arbitrarily large values of$ andm.

To prove Theorem 2, we will construct an arbitrarily
large network and corresponding request sequence and then
show that if GREEDY_ROUTE1 makes bad decisions it can
incur the above network congestion on that instance. On the
other hand, we will show that an optimal algorithm can
always find a set of pairwise edge disjoint routes for the
requests, yielding unit network congestion.

2.3.1. The Network

For any integersh . 1 and i $ 1, the network is repre-
sented by a directed graphGh,i containing i connected
components and having a longest path with lengthh. All
links have unit capacity. For example,G3,i is displayed in
Fig. 1. The vertex set ofGh,i is defined to be the union
øi51

i ~Uh,iøVh,i!, whereUh,i 5 { u0
i , u1

i , . . . , uh21
i } con-

tains the set of source nodes andVh,i 5 { v1
i , v2

i , . . . ,
v(h21)i11

i } is the set of destination nodes. The arc set of
Gh,i is defined to beøi51

i Eh,i, where
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Eh,i 5 ø
k51

h22

$~uk
i , vh2k

i !% ø ø
k51

~h21!i11

$~uh21
i , vk

i !%

ø ø
k50

h22

$~uk
i , uk11

i !% ø ø
k5h

~h21!i11

$~u0
i , vk

i !%.

Note that

m 5 U ø
i51

i

Eh,iU 5 ~h 2 1!i 2 1 ~2h 2 1!i # ~3h 2 2!i 2.

(10)

Notice that thei connected components ofGh,i are the
subgraphs {(Uh,i ø Vh,i, Eh,i) : i 5 1, 2, . . . , i }.

2.3.2. The Request Sequence

Let sh,i denote the request sequence for the networkGh,i.
Each request will arrive at time 0 and will require unit
bandwidth. Therefore, we will represent each requestfj [
sh,i simply by its (sj, tj) pair. The sequencesh,i is formally
defined to be the concatenation ofi smaller subsequences:

sh,i 5 sh
1 + sh

2 + · · · + sh
i .

All paths between the source and destination of each request
in subsequencesh

i , i 5 1, 2, . . . , i , are contained in the
subgraph (Uh,i ø Vh,i, Eh,i). Each subsequencesh

i is
further defined to be the concatenation of two subsequences
Ah

i andBh
i , where

Ah
i 5 ~u0

i , vh
i !, ~u0

i , vh11
i !, . . . , ~u0

i , v~h21!i11
i !

and

Bh
i 5 ~u0

i , vh21
i !, ~u1

i , vh22
i !, . . . , ~uh22

i , v1
i !.

As an example of this construction, consider the first three
columns of Table I, which contain the requests ins3,3. (See
Fig. 1 for the corresponding networkG3,3.)

2.3.3. Proof of the Lower Bound

We will use the construction in the previous two subsections
to prove Theorem 2. Since the lemmas necessary for the
proof are rather straightforward, we opt to state them with-

TABLE I. Request sequence s3,3 on the network G3,3

Fig. 1. The network G3,i.
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out giving formal proofs. We first notice that an optimal
algorithm can always find a pairwise edge disjoint set of
routes for the requests insh,i. Informally, this route assign-
ment is the one in which each request insh,i is assigned to
its shortest path inGh,i. Formally, we have the following
lemma:

Lemma 4. For all integersh . 1 and i $ 1, the set of
optimal routes for request sequencesh,i on networkGh,i is
pairwise edge disjoint.

In the worst case,GREEDY_ROUTE1 can assign to each
request its nonoptimal route (with the exception of the
requests (uh22

i , v1
i ), i 5 1, 2, . . . ,i , which each have only

one route). For example, the fourth column of Table I
contains the worst-case routes assigned byGREEDY_ROUTE1,
while the fifth column contains an optimal route assignment.
In the example,GREEDY_ROUTE1 has incurred congestion 3 after
routing the requests ins 3

1 , 5 after routing the requests ins 3
2 ,

and 7 after routing the requests ins 3
3 . In general, we have the

following lemma:

Lemma 5. For all integersh . 1, i $ 1, and 1# i # i ,
GREEDY_ROUTE1 can incur congestion (h 2 1)i 1 1 after
being issued request subsequencesh

1 + sh
2 + . . . + sh

i on
networkGh,i.

Proof. By induction oni. ■

We will now use Lemmas 4 and 5 to prove Theorem 2.

Proof of Theorem 2.By Lemma 5, whenGREEDY_ROUTE1
is issued the request sequencesh,i 5 sh

1 + sh
2 + . . . + sh

i , it
can incur congestion

m 5 ~h 2 1!i 1 1. (11)

To rewritem in terms ofm, we first notice from (10) that

i $ Î m

3h 2 2
. (12)

Substituting (12) into (11), we see that

m $ ~h 2 1!SÎ m

3h 2 2 D 1 1 5 V~Î$m !.

The last equality follows from the fact that, for every
requestfj [ Ah

i , i 5 1, 2, . . . , i , dj 5 1, Dj 5 h, and
these are the minimum and maximum such values possible
in the networkGh,i. Thus, sincem* 5 1 by Lemma 4, the
competitive ratio ofGREEDY_ROUTE1 is V(=$m). ■

According to Theorem 1,GREEDY_ROUTE1 is O(=+m)
competitive on layered networks since the length of every
path for any request is the same, causing$ 5 1. We can
show that Theorem 1 is tight up to a factor ofO(=+) on
L-layered networks, even on anend-to-endinstance in
which every path has lengthL. Specifically, we can prove
the following theorem, whose proof we omit.

Theorem 3. The competitive ratio ofGREEDY_ROUTE1 is
V(=m) on layered networks for arbitrarily largem.

This result also answers a relevant question about the
wayGREEDY_ROUTE1 breaks ties.GREEDY_ROUTE1, as defined,
breaks ties arbitrarily: It may choose any route that satisfies
the requirements of the algorithm. Thus, the upper bound of
Theorem 1 holds for any tie-breaking scheme. In practice,
however, it would be reasonable to choose the shortest route
that satisfies the algorithm. In this way, the fewest links are
affected by each decision and requests will presumably
reach their destinations sooner. However, this result shows
that if GREEDY_ROUTE1 uses this tie-breaking scheme, its
competitive ratio is stillV(=m). Notice that this result also
holds for an algorithm which first narrows its consideration
to the set of shortest routes and then usesGREEDY_ROUTE1 to
choose from among those routes.

3. ONLINE ALGORITHM GREEDY_ROUTE2

In this section, we consider a more refined greedy
online algorithm for routing permanent virtual circuits.#

GREEDY_ROUTE2 differs fromGREEDY_ROUTE1 in that it bases
its routing decision only on the maximum congestion of the
routes that can be assigned to the request, rather than on the
maximum congestion in the network. We will show that
there are classes of networks on whichGREEDY_ROUTE2
is guaranteed to have a competitive ratio that is polyloga-
rithmic in the number of network nodes. Furthermore,
GREEDY_ROUTE2 is as simple and fast asGREEDY_ROUTE1 in
the worst case. The online algorithm that we study in this
section is formally defined as follows:

Algorithm GREEDY_ROUTE2. For requestfj, assign any

routeP [ 3j which minimizes maxe[PHm j~e! 1
l j

wJ . Ties

are broken arbitrarily.

In other words,GREEDY_ROUTE2 considers all routes for a
request and assigns the one that would have the minimum
congestion if the request were assigned to it.

An adversary like the one used to prove Theorem 2

# A preliminary version of some of the results in this section appeared
in [16].
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cannot foolGREEDY_ROUTE2 into choosing bad routes in the
same way that it can foolGREEDY_ROUTE1. Consider what
happens whenGREEDY_ROUTE2 is presented with the con-
structions used to prove Theorems 2 and 3. When presented
with networkGh,1 and request sequencesh,1 (in the proof
of either Theorem 2 or 3),GREEDY_ROUTE2 can incur con-
gestionh in the same way thatGREEDY_ROUTE1 can. But
when presented with networkGh,i and request sequence
sh,i, for i . 1, GREEDY_ROUTE2 will incur congestionat
most h, whereasGREEDY_ROUTE1 could incur congestion (h
2 1)i 1 1. This proves only that the competitive ratio of
GREEDY_ROUTE2 is V(m), wherem is the number of network
links, if the length of the longest path isV(m), in effect,
proving a lower bound on the order of the longest path
length d 5 maxjmaxP[3 j

uPu. In Section 3.3, we will
strengthen this result by showing that the competitive ratio
of GREEDY_ROUTE2 is V(d 1 log(n 2 d)). Therefore, the
greedy algorithm, when applied to routing, no longer has a
logarithmic competitive ratio for general instances.

We can also use a result from the previous section to infer
an upper bound on the competitive ratio ofGREEDY_ROUTE2,
since Theorem 1 holds forGREEDY_ROUTE2 just as it does for
GREEDY_ROUTE1. The proof of this fact is identical to the proof
of Theorem 1, primarily because Lemma 2 holds for
GREEDY_ROUTE2 also. We restate this result forGREEDY_ROUTE2
here for completeness.

Theorem 4. The competitive ratio ofGREEDY_ROUTE2 is
O(=$+m).

In Section 3.2, we will show that a stronger upper bound
on the competitive ratio ofGREEDY_ROUTE2 is possible on
some networks. Specifically, we will prove that the com-
petitive ratio ofGREEDY_ROUTE2 is O(d log n) if there exist
pairwise edge disjoint routes for the requests. (The actual
optimal path requirement is slightly less strict and arises
from the proof technique. The same result holds if the ratio
of the maximum to minimum bandwidth requirement is
constant and the maximum number of optimal paths that
intersect is bounded by a polynomial inn.) We believe that
a similar (or better) upper bound will still hold if the optimal
paths are not disjoint. We provide some intuitive support for
this conjecture at the end of Section 3.2.

Consider for a moment instances that obey this optimal
route requirement. In this context, our result indicates that if
the network has paths whose lengths areO(log n) (e.g., splitter
networks) then the competitive ratio ofGREEDY_ROUTE2 is
guaranteed to be a polylogarithmic function of the number
of network nodes, which comes very close to matching the
problem lower bound ofV(log n). If the length of the paths
is constant, thenGREEDY_ROUTE2 is asymptotically optimal.

3.1. Trade-offs Between Time Complexity
and Routing Efficiency

Similar to GREEDY_ROUTE1, GREEDY_ROUTE2 requires only
comparisons and additions to assign a route to requestfj.
However, the best-case time forGREEDY_ROUTE2 is the same
as the worst case, unlikeGREEDY_ROUTE1 which does not
necessarily have to consider every route. As was discussed
in the previous section, both algorithms make their deci-
sions more quickly thanEXP_ROUTE [1]. The real-time dif-
ference would be accentuated on networks in which a large
number of exponential computations is required.

As was the case withGREEDY_ROUTE1, GREEDY_ROUTE2
can be expected to perform worse thanEXP_ROUTE when
paths can be relatively long. This factor ofd makes intuitive
sense in the competitive ratio ofGREEDY_ROUTE2 when one
comparesGREEDY_ROUTE2 to EXP_ROUTE. When all routes
for a request have unit length, both algorithms will choose
a route with the minimum congestion. As the maximum
lengths of the routes increase,EXP_ROUTE will be more
discriminating thanGREEDY_ROUTE2 and the gap between
their competitive ratios will increase. This can be illustrated
with a few examples. First, suppose that both algorithms are
confronted with a choice of two routes—one containing one
link with congestionc and another containing 100 links
with maximum congestionc. WhereasGREEDY_ROUTE2 will
not discriminate between the two routes,EXP_ROUTE will
choose the shortest one.EXP_ROUTE will be more discrimi-
nating even if the two paths were to have the same length.
For example, consider two paths with five links. The first path
has congestion 5 on one link and no congestion on any other
link. The second path has congestion 5, 4, 3, 2, and 1 on its five
links. EXP_ROUTE will clearly choose the first path, which is
intuitively a much better choice, whileGREEDY_ROUTE2 will
not discriminate. We quantify in this section the degree to
which the competitive ratios ofGREEDY_ROUTE2 andEXP_ROUTE
differ.

It seems reasonable to expect large networks with arbi-
trary topologies to have relatively short paths between most
nodes. For example, by using thetraceroute program,
one can see that between most pairs of randomly selected IP
addresses in the United States there is a site-to-site route
containing at most 15 nodes. While one could probably
concoct a route with many more nodes, only these relatively
short routes are used in practice. By restrictingGREEDY_ROUTE2
or GREEDY_ROUTE1 to a set of relatively short routesa priori,
one would expect good performance based on our results for
these algorithms (assuming the optimal algorithm is also
restricted to these routes). This method of considering re-
stricted sets of paths might be used with success on any
network with small diameter. Another good scenario for
GREEDY_ROUTE2 might be one in which the traffic pattern
favors source/destination pairs which have short routes.
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3.2. An Upper Bound

In this section, we prove our new upper bound on the
competitive ratio ofGREEDY_ROUTE2. The method that we
use to prove the result is adapted from a technique used by
Azar et al. [10, 11] to show that the greedy algorithm is
O(log n) competitive for an online load-balancing problem
in which each job can be assigned to exactly one of a subset
of n identical machines. Intuitively, their idea was to con-
ceptualize the online algorithm’s assignment on each ma-
chine as a partition of a number of successivelayers.The
sum of the weights of the jobs in each layer (which we will
call the layer’swidth) is equal to the optimal load, except for
possibly the last layer which contains the remaining weight
less than the optimal load. (All subsequent layers after this
last nonzero one have width 0.) They showed that, for any
i , the sum of the widths of all thei th layers is at least as
large as the sum of the widths of all subsequent layers. From
this step, the logarithmic competitive ratio follows in a
relatively straightforward way. In our proof, we adapt this
method to work with paths, rather than single machines. Our
idea is to consider the final online congestion caused by
GREEDY_ROUTE2 on eachoptimal pathand partition the con-
gestion on each of these optimal paths into layers with width
at mostL̃, the maximum bandwidth requirement divided by
the capacity of the network links. We then show that, for
any i , the sum of the widths of all thei th layers, multiplied
by a certain factor, is at least as large as the sum of the
widths of all subsequent layers, and our result follows.

3.2.1. Notation

Before formally stating our theorem and its proof, we will
present the notation that we will use, along with several
useful facts:

● d 5 max1#j#k Dj is the length of the longest path that
can be assigned to any request.

● L̃ 5 L/w, wherew is the width of the network links.
Also, for any j , 1 # j # k, let l̃ j 5 l j/w.

Fact 1. m* $ L̃.

Fact 2. m* $ 1/m ¥j51
k (dj l̃ j).

● e*j [ P*j is an edgee [ P*j satisfyingm(e) 5 m(P*j). Ties
are broken in favor of the link with the smallest index.

● ( 5 maxe[Eu{ j : e*j 5 e, 1 # j # k} u is the maximum
number of optimal pathsP*j whose edgee*j is the same.

The following fact is true since( is a lower bound on the
maximum number of optimal paths that intersect at the
same edge.

Fact 3. m* $ ((l)/w.

● For all i $ 1, 1 # j # k,

Wij 5 H L̃, if m~P*j ! $ iL̃
m~P*j ! 2 ~i 2 1!L̃, if ~i 2 1!L̃ , m~P*j ! , iL̃
0, otherwise

.

As discussed above, we partition the congestion on
each edgee*j into layers with width at mostL̃. Wij is the
width of the ith such layer.

Fact 4. For all j , m(P*j) 5 ¥ i Wij .

● Wij
r is the portion ofWij on edgee*j that was added by

requestfr, 1 # r # k, in the online route assignment
(divided byw).

The following fact is true because ifWij
r . 0 for more

than two layers thenl̃ r . L̃, which is impossible.

Fact 5. Wij
r . 0 for at most 2 values ofi , which must be

consecutive.

● Sij 5 { r : Wlr
j . 0 for somel . i } is the set of indices

of optimal pathsP*r such thatfj traversese*r in a layer
greater thani in the online route assignment.

The following fact is true becausefj traversesuPj u # Dj

links, each of which may bee*r for at most( optimal
pathsP*r.

Fact 6. For all i and j , uSij u # uS0j u # Dj(.

● Rij 5 ¥r[Sij
( l̃ j 2 Wir

j ) is the total congestion incurred by
fj in all layers greater thani .

Let us explain this definition in more detail. The quantity
that we are describing is at most equal tol̃ j times the
number of edgese*r to whichfj adds congestion after layer
i (which is uSij u z l̃ j). We must say “at most” because it is
possible, if fj adds congestion to layeri 1 1 on some
edgee*r, that some congestion was also added to layeri .
(No congestion could have been added to a layer beforei
by Fact 5.) Thus, to getRij , we must subtract off this
quantity,Wir

j , for each edge on which this is the case. On
the other hand, iffj does not add any congestion to any
edgese*r in layer i 1 1, thenRij 5 uSij u z l̃ j. The equation
above takes into account both of these possibilities be-
cause in the second caseWir

j 5 0.

Fact 7. For all i and j , Rij # uSij u z l̃ j # Dj(L̃.

● Wi 5 ¥ j51
k Wij .

● Ri 5 ¥ j51
k Rij .
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The next fact follows simply from the definitions. On the
other hand, Fact 9 requires an explicit proof.

Fact 8. R0 # ( ¥j51
k (Djl̃ j).

Fact 9. Ri 5 ¥ l.i Wl.

Proof. Notice that

Ri 5 O
j51

k

Rij by the definition ofRi

5 O
j51

k O
r[Sij

~ l̃ j 2 Wir
j ! by the definition ofRij

5 O
r51

k O
j:r[Sij

~l̃j 2 Wir
j ! by changing the order of summation

5 O
r51

k O
l.i

Wlr ~see below!

5 O
l.i

O
r51

k

Wlr by changing the order of summation

5 O
l.i

Wl by the definition ofWi.

A more lengthy explanation is in order for the fourth equal-
ity. The term¥ j :r[Sij

( l̃ j 2 Wir
j ) refers to the total band-

width of all requestsfj (divided by w) that crosse*r after
layer i , minus the portions that fall in layeri . In other
words, this is the total congestion on edgee*r after layeri .
(See the text accompanying the definition ofRij for an
explanation of the “2Wir

j ”.) By definition, this quantity is
simply the total width of all the layers ofe*r after layeri , or
¥ l.i Wlr . ■

The last fact follows from Fact 9:

Fact 10. Ri 5 Ri21 2 Wi.

3.2.2. Proof of the Upper Bound

We can now formally state our upper-bound result for
GREEDY_ROUTE2:

Theorem 5. The competitive ratio ofGREEDY_ROUTE2 is

Sd min$+, (%logS n(

min$+, (%DD .

We will use the following three lemmas to prove Theo-
rem 5:

Lemma 6. m # maxjm(P*j) 1 L̃.

Proof. Consider an edgee [ E which satisfiesm(e) 5 m.
Let fy be the last request assigned to a path containinge (so
e [ Py). Notice that sinceL̃ $ l̃ y

my~Py! 5 my~e! 5 m 2 l̃ y $ m 2 L̃. (13)

Also, by the definition ofGREEDY_ROUTE2, we know that,
for all P [ 3y, including P*y,

my~P! $ my~Py!. (14)

Combining (13) and (14), we see thatmy(P*y) $ m 2 L̃,
which implies that

m # my~P*y! 1 L̃ # max
j

m~P*j ! 1 L̃.

■

Lemma 7. For all i and j , Dj( z Wij $ Rij .

Proof. We divide the proof into three cases. The lemma
follows trivially in the first two cases; the main part of the
proof is contained in the third case.

CASE 1. Rij 5 0.

In this case, the lemma is clearly true since the left-hand
side is always nonnegative.

CASE 2. Wij 5 L̃.

In this case, the lemma is also clearly true since, by Fact
7, Rij # Dj(L̃.

CASE 3. Rij . 0 andWij , L̃.

SinceRij . 0, we know, by definition, thatSij Þ A. Let
r be an arbitrary member ofSij . Then, by the definition of
Sij , for somel . i , Wlr

j . 0. This means thatfj crossed
edgee*r and, therefore,e*r [ Pj. Now notice that sinceWij

, L̃ the i th layer ofe*j is the last nonzero layer, and, thus,
m(P*j) , iL̃ by the definition ofWij . So, clearly,mj(P*j)
, iL̃, and sincemj(Pj) # mj(P*j) by the definition of
GREEDY_ROUTE2 ande*r [ Pj, we know that

m j~e*r! , iL̃. (15)

Also, notice that, sinceWlr
j . 0 for somel . i ,

m j11~e*r! . iL̃. (16)

In other words, (15) and (16) tell us that just beforefj was
assigned to routePj the edgee*r [ Pj had congestion less
than iL̃ [but greater than (i 2 1)L̃ since l̃ j # L̃], and just
after fj was assigned,e*r had congestion greater thaniL̃.
Thus, the valuel̃ j added to the congestion on edgee*r is
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divided between layersi and i 1 1: Wir
j is added to layer

i andW(i11)r
j is added to layeri 1 1. Thus,

m j~Pj! $ m j~e*r! 5 ~i 2 1!L̃ 1 ~L̃ 2 Wir
j !. (17)

We next need to show that

W~i21! j 5 L̃. (18)

Assume, for contradiction, thatW(i21) j , L̃. This implies
thatm(P*j) , (i 2 1)L̃, and, therefore,m j(P*j) , (i 2 1)L̃.
But this means thatfj should not have been assigned toPj

since mj(Pj) . (i 2 1)L̃. Thus, (18) is true. Now, by
combining (18) with the assumption thatWij , L̃, we see
that

m~P*j ! 5 ~i 2 1!L̃1Wij. (19)

Using the facts above, we can deduce the following:

~i 2 1!L̃ 1 Wij 5 m~P*j ! by ~19!

$ mj~P*j !

$ mj~Pj! by the definition of
GREEDY_ROUTE2

$~i21!L̃1~L̃2Wir
j ! by ~17!.

Thus,

Wij $ L̃ 2 Wir
j . (20)

Finally, we can conclude that

Rij 5 O
r[Sij

~ l̃ j 2 Wir
j ! by the definition ofRij

# O
r[Sij

~L̃ 2 min
r9[Sij

Wir 9
j !

5 uSij u~L̃ 2 min
r9[Sij

Wir 9
j !

# Dj( z Wij by Fact 6 and~20!. ■

Lemma 8. For anyi ,

Ri # S d(

d( 1 1D
i

R0.

Proof. By Lemma 7 and the definitions ofWi andRi, we
know that

Wi 5 O
j51

k

Wij $
1

(
O
j51

k Rij

Dj
$

1

d(
O
j51

k

Rij 5
1

d(
Ri. (21)

From (21) and Fact 10, it follows thatRi # Ri21 2 [1/(d()]Ri.
Therefore,

Ri #
d(

d( 1 1
Ri21. (22)

Finally, by recursively applying inequality (22), we con-
clude that

Ri # S d(

d( 1 1D
i

R0. ■

Finally, we can prove the main result of this section:

Proof of Theorem 5.First, let

b 5 log~d(11!/d(S m(

min$+, (%D $ log~d(11!/d(S m(

min$+,(%D .

Thus,

Sd( 1 1

d( D b

$
m(

min$+,(%
. (23)

Then, we can deduce that

Rb # S d(

d( 1 1D
b

R0 by Lemma 8

#
1

Sd( 1 1

d( D b ( O
j51

k

~Djl̃ j! by Fact 8

#
min$+, (%

m(
( O

j51

k

~Djl̃ j! by ~23!

# $ min$+, (%
Oj51

k ~djl̃ j!

m
# $ min$+, (%m* by Fact 2. (24)

Now notice that, for allj ,

m~P*j ! 5 O
i

Wij by Fact 4

5 O
i51

b

Wij 1 O
i.b

Wij

# O
i51

b

Wij 1 O
i.b

Wi

5 O
i51

b

Wij 1 Rb by Fact 9

# bL̃ 1 $ min$+, (%m* by (24) and the
definition of Wij.
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Thus,

max
j

m~P*j! # bL̃ 1 $ min$+, (%m*

5 log~d(11!/d(S m(

min$+, (%DL̃ 1 $ min$+, (%m*.

By Lemma 6, this implies that

m # log~d(11!/d(S m(

min$+, (%DL̃ 1 L̃ 1 $ min$+, (%m*.

So, by Facts 1 and 3 and Lemma 12 (in the Appendix), the
competitive ratio ofGREEDY_ROUTE2 is

m

m*
#

log~d(11!/d(S m(

min$+, (%DL̃ 1 L̃

m*
1 $ min$+, (%

#

log~d(11!/d(S m(

min$+, (%DL̃ 1 L̃

maxH(l

w
, L̃J 1 $ min$+, (%

#

d(L̃ logS m(

min$+, (%D 1 2L̃

maxH(l

w
, L̃J 1 $ min$+, (%

5 OSd min$+, (%logS n(

min$+, (%DD .
■

Combining Theorems 4 and 5, we have the following
result:

Theorem 6. The competitive ratio ofGREEDY_ROUTE2 is

OSminHd min$+, (%logS n(

min$+, (%D , Î$+mJD .

We can state the following corollaries giving tighter upper
bounds for circumstances in which the optimal congestion is
small. The first result follows directly from Theorem 5.

Corollary 2. On instances in which the optimal routes
are pairwise edge disjoint, the competitive ratio of
GREEDY_ROUTE2 is O(d log n).

The second corollary is more general. Recall that a

feasiblerequest sequence is one for which there exists a
route assignment with congestionm* # 1.

Corollary 3. On feasible request sequences, the competi-
tive ratio ofGREEDY_ROUTE2 is

5 OSd+ logSnw

L DD + # (
5 OSd

w

l
logSnw

L DD .
O~d w

l
log n!, ( # +

Proof. If m* # 1, then by Facts 1 and 3,L # w and(
# w/l. The corollary follows by substituting into the result
in Theorem 5. ■

On feasible instances in which the minimum required
bandwidth of a request is at least a constant fraction of the
link capacity w, the competitive ratio ofGREEDY_ROUTE2 is
O(d log n). Specifically, suppose that, for allj, lj $ w/b, for
someb 5 O(1). Then, (w/L) $ (w/l) $ b, and the competitive
ratio ofGREEDY_ROUTE2 is O(db log(bn)) 5 O(d logn). We can
also claim that the competitive ratio ofGREEDY_ROUTE2 is O(d
log n) on feasible instances ifw 5 O(1).

3.2.3. A Final Note

The existence of the factor( in the previous theorem is not
intuitive and we do not think that it belongs in the competitive
ratio of GREEDY_ROUTE2. It is easy to show that when the
problem instance is such that all of the optimal paths intersect
(and( 5 k) the competitive ratio ofGREEDY_ROUTE2 is at most
+. To see this, notice that when all of the optimal paths
intersect, the optimal congestion is at least (kl)/w. The con-
gestion of any route assignment is at most (kL)/w. Thus, the
competitive ratio of any algorithm is at most+.

Theorem 7. If the optimal paths for an instance all intersect
at one link, then any algorithm is+ competitive for that
instance.

This result gives credence to the idea that as( increases
the competitive ratio decreases, contrary to the theorem.

3.3. A Lower Bound

In this section, we present a lower bound on the competitive
ratio of GREEDY_ROUTE2. Our lower bound improves upon
the lower bound ofd that can be inferred from the construc-
tion in the proof of Theorem 2. For small values ofd, the
lower bound is close to the upper bound in Theorem 5. Our
experience indicates that the true competitive ratio of
GREEDY_ROUTE2 may be closer to this lower bound than to
the upper bound in Theorem 5.

Theorem 8. The competitive ratio ofGREEDY_ROUTE2 is
V(d 1 log(n 2 d)) for arbitrarily large values ofd and n.
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To prove the theorem, we will first construct an arbi-
trarily large networkGh,i (for any h $ 1 and i $ 1)
and a corresponding request sequence that can cause
GREEDY_ROUTE2 to incur congestion equal toh 1 i . We will
then show that this quantity is equivalent to the quantity in
Theorem 8.

3.3.1. The Network

For any integersh $ 1 andi $ 1, Gh,i is a directed network
with unit capacity links. The vertex set ofGh,i is defined to be

V~Gh,i! 5 $ui : 1 # i # 2i 2 1% ø $ x0,i : 1 # i # 2i%

ø $ xi,2i : 1 # i # h 2 1% ø $vi : 1 # i # h%.

Notice thatGh,i has

n 5 2i11 1 2h 2 2 (25)

vertices. The directed edge set ofGh,i is defined to be

E~Gh,i! 5 ø
i51

i

$~u2i21, x0,2i21!, ~u3z2i21, x0,3z2i21!,

~u5z2i21, x0,5z2i21!, . . . , ~u2i22i21, x0,2i22i21!}

ø ø
i51

i

$~u2i21, x0,2z2i21!, ~u3z2i21 x0,4z2i21!,

~u5z2i21, x0,6z2i21!, . . . , ~u2i22i21, x0,2i!}

ø $~ xi,2i, xi11,2i! : 0 # i # h 2 2%

ø $~x0,i, v1! : 1 # i # 2i 2 1% ø $~xh21,2i, v1!%

ø $~ xi,2i, vi11! : 1 # i # h 2 1%

ø $~v1, vi! : 2 # i # h%.

As an example,G4,3 is shown in Fig. 2.

3.3.2. The Request Sequence

We will define the request sequencesh,i for networkGh,i to
be the concatenation of two subsequencess i andsh

i . Each
requestfj requires unit bandwidth and has arrival time 0,
and so we denote each request simply by (sj, tj). The
subsequences i consists of 2i 2 1 requests organized into
i phases. In phasei, 1 # i # i , we issue the 2i2i requests
(u2i21, v1), (u3z2i21, v1), (u5z2i21, v1), . . . , (u2i22i21, v1).
The request subsequencesh

i contains the followingh re-
quests: (x0,2i, v2), (x1,2i, v3), . . . , (xh22,2i, vh), (xh21,2i,

v1). Notice that the longest path that can be assigned to a
request inGh,i has length

d 5 h 1 1. (26)

3.3.3. Proof of the Lower Bound

We can now use the preceding construction to prove The-
orem 8. To this end, we first present three lemmas that
describe the behavior ofGREEDY_ROUTE2 and the optimal
algorithm when they are given this instance. Lemma 9 and
Lemma 10 together imply thatGREEDY_ROUTE2 can incur
congestionh 1 i . Lemma 11 states that the optimal route
assignment has congestion 1. As in Subsection 2.3.3, the
proofs for these lemmas are omitted.

Lemma 9. Suppose that we issue the request sequences i

on networkGh,i, for any integersh $ 1 andi $ 1. At the
end of phasei, 1 # i # i , GREEDY_ROUTE2 can incur
congestioni on each of the links in

$~ x0,2i, v1!, ~ x0,2z2i, v1!, ~ x0,3z2i, v1!, . . . , ~ x0,2i22i, v1!%

ø $~x0,2i, x1,2i!, ~x1,2i, x2,2i!, . . . , ~xh22,2i, xh21,2i!, ~xh21,2i, v1!%

and no link in the network can have congestion greater
than i.

Proof. By induction oni. ■

Lemma 10. For any integerh $ 1 andi $ 1, suppose that
every link of networkGh,i in the set

Fig. 2. The network G4,3.

150 HAVILL AND MAO



$~ x0,2i, x1,2i!, ~ x1,2i, x2,2i!, . . . , ~ xh22,2i, xh21,2i!, ~ xh21,2i, v1!%

has congestionc and every other link in the network has
congestion at mostc. Then, if we issue the requests in
request sequencesh

i , GREEDY_ROUTE2 can assign routes such
that, after thej th request insh

i , every link in the set

$~ xj21,2i, xj,2i!, ~ xj,2i, xj11,2i!, . . . ,

~ xh22,2i, xh21,2i!, ~ xh21,2i, v1!%

will have congestionc 1 j and no link in the network will
have congestion greater thanc 1 j .

Proof. By induction onj . ■

Lemma 11. For all integersh . 1 and i $ 1, the set of
optimal routes for request sequencesh,i on networkGh,i is
pairwise edge disjoint.

Finally, we can use the preceding three lemmas to prove
Theorem 8.

Proof of Theorem 8.Recall that the request sequence
sh,i consists of the concatenation of the subsequencess i

andsh
i . By Lemma 9,GREEDY_ROUTE2 can incur congestion

i after thei th (and last) phase of subsequences i. Specifi-
cally, GREEDY_ROUTE2 can incur congestioni on every link
in the set

$~ x0,2i, x1,2i!, ~ x1,2i, x2,2i!, . . . , ~ xh22,2i, xh21,2i!, ~ xh21,2i, v1!%.

By Lemma 10 then, afterGREEDY_ROUTE2 has assigned
routes to all the requests insh,i, the link (xh21,2i, v1) has
congestioni 1 h.

Now notice that, by (25) and (26),i 5 log(n 2 2d 1 4)
2 1. Thus,i 1 h 5 log(n 2 2d 1 4) 1 d 2 2. On the
other hand, by Lemma 11, an optimal algorithm can always
find a set of edge disjoint routes with congestion 1. There-
fore, the competitive ratio ofGREEDY_ROUTE2 is V(d 1 log(n
2 d)). ■

We can also prove a result forGREEDY_ROUTE2 that is
similar to that of Theorem 3 forGREEDY_ROUTE1. Specifi-
cally, we can prove the following theorem:

Theorem 9. The competitive ratio ofGREEDY_ROUTE2 is
V(d 1 log((n/d 2 d) 2 d)) on layered networks for
arbitrarily large values ofd andn.

This result implies a lower bound that is almost as high
as that in Theorem 8 for the variation ofGREEDY_ROUTE2
which breaks ties in favor of the shortest path.

4. CONCLUSIONS

We have given several results concerning the efficiency of
greedy algorithms that assign routes to arbitrary sequences
of permanent virtual circuit requests in an arbitrary com-
munication network with equal capacity links. The simpler
greedy algorithm,GREEDY_ROUTE1, was proposed by Mao
and Simha [23]. We showed that the competitive ratio of
GREEDY_ROUTE1 is Q(=$m) on arbitrary networks when
the bandwidth requirements of requests are approximately
equal, where$ is the ratio of the longest-to-shortest path for
any particular request andm is the number of network links.
When bandwidth requirements are arbitrary, our upper
bound is increased by a factor ofO(=+), where+ is the
ratio of the maximum-to-minimum bandwidth requirement.
We showed that a second greedy algorithm,GREEDY_ROUTE2, is
superior toGREEDY_ROUTE1 when the length of the longest
path in the network is small relative to the size of the
network. Specifically, at least when the set of optimal routes
for a request sequence has a small amount of overlap,
GREEDY_ROUTE2 is max{O(d log n), O(=$m)} competi-
tive, whered is the length of the longest path assigned to a
request andn is the number of network nodes. Ifd 5 O(log
n), as is the case in many common networks, then the
competitive ratio ofGREEDY_ROUTE2 is polylogarithmic; ifd
is constant, it is asymptotically optimal. We also showed
that the competitive ratio ofGREEDY_ROUTE2 is V(d 1 log(n
2 d)) on arbitrary networks andV(d 1 log((n/d) 2 d)) on
layered networks.

These results answer open questions posed by Mao
and Simha [23] and also present alternatives to the as-
ymptotically optimal, but computationally more expen-
sive algorithm of Aspnes et al. [1, 2]. We discussed
situations in which the greedy algorithms can be expected
to perform well in Sections 2 and 3. Since there is a
trade-off between speed and efficiency in the choice of
algorithms, the decision of which to use really depends
on the requirements of the situation. We would like to
further investigate these questions in the future through
simulations. It will be important to find appropriate net-
works for this purpose. One can always construct a
network that makes the algorithms look good; we would
ideally like to find real networks on which these algo-
rithms would be appropriate.

There are a few technical points related toGREEDY_
ROUTE1 and GREEDY_ROUTE2 that are topics of continuing
research. First, we suspect that theO(=+) term does not
belong in the true competitive ratio ofGREEDY_ROUTE1. In
the proof, it appears that inequality (8) is weak; we would
like to improve it to perhaps get a tighter result. More
work also needs to be done on the competitive ratio of
GREEDY_ROUTE2. While it was important to show that the
competitive ratio ofGREEDY_ROUTE2 is polylogarithmic for
some cases, it is clear to us that this upper bound is not tight.
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The two terms in the upper bound of Theorem 6 do not really
“mesh;” the first term can be much larger than the second
term for large values ofd. Based on examples, we would
conjecture that the competitive ratio ofGREEDY_ROUTE2 is
closer to the lower bound ofO(d 1 log n).

APPENDIX

The following simple lemma is used in the proof of Theo-
rem 5 in Section 3:

Lemma 12. For any a, y $ 1, a ln y # log~a11!/a y
# a log2 y 1 1.

Proof.

log~a11!/a y # log~a11!/a y # log~a11!/a y 1 1

m
ln y

lnSa 1 1

a D # log~a11!/a y #
log2 y

log2Sa 1 1

a D 1 1

m
a ln y

a lnSa 1 1

a D # log~a11!/a y #
a log2 y

a log2Sa 1 1

a D 1 1

m
a ln y

lnSa 1 1

a D a # log~a11!/a y #
a log2 y

log2Sa 1 1

a D a 1 1

m
a ln y

ln e # log~a11!/a y #
a log2 y

log22
1 1

m
a ln y # log~a11!/a y # a log2 y 1 1. ■
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