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Abstract: We analyze the competitive ratio of two greedy online algorithms for routing permanent virtual
circuits in a network with arbitrary topology and uniform capacity links. We show that the competitive ratio
of the first algorithm, with respect to network congestion, is in Q(\V@m) and O(V@$£m), where m is the
number of links in the network, & is the maximum ratio, over all requests, of the length of the longest path
for the request to the length of the shortest path for the request, and & is the ratio of the maximum-to-
minimum bandwidth requirement. We show that the competitive ratio of the second greedy algorithm is
in Q(d + log(n — d)) and min{O(d log n), O(V@Em)} when the optimal route assignment is pairwise
edge disjoint, where n is the number of network nodes and d is the length of the longest path that can be
assigned to a request. It is known that the optimal competitive ratio for this problem is @(log n). Aspnes
et al. designed a O(log n) competitive online algorithm that computes an exponential function of current
congestion to make each decision. The greedy online algorithms, although not optimal, make each
decision more quickly and still have good competitive ratios in many nontrivial situations. © 1999 John
Wiley & Sons, Inc. Networks 34: 136-153, 1999

1. INTRODUCTION algorithm will need to assign a route to each request before
future requests (if any) are known. When nothing is known

The problem of assigning routes to virtual circuit requests inabOUt the arrival process of the requests, it is customary to

B-ISDN networks has become an important topic of re_analyze online algorithms with respect to theampetitive

search. Each virtual circuit request consists of a bandwidth2to: the supremum over all request sequences of the ratio

requirement between two nodes in the network, to suppo etween_ the performanc_e of the online algorithm, and th_at
some service requiring a quality of service (QOS) guaranpf anofflinealgorithm which can see the future and use this

tee. It is likely that such requests will arrivanline: An  knowledge to make its decisions optimally. -
We are interested in the problem of routing permanent

virtual circuit requests, those that are assumed to exist
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gestion, whera is the number of network nodes. Aspnes etcongestion on path Rfter an online algorithm has routed

al. [1, 2] designed an optim&(log n) competitive online  requestd,, f,, ..., f;_; is defined to be
algorithm that computes an exponential function of current

congestion to make each decision. We will study the com- wi(P) = max wi(e).
petitive ratio of two simpler greedy online algorithms for : P

networks with arbitrary topology and uniform capacity links

that, although not optimal, make each decision much morget ,,(P) = 1, , ,(P). Finally, thenetwork congestioafter

quickly and still have good competitive ratios for many an online algorithm has routed requestsf,, ..., f_;is
nontrivial situations. defined to be

1.1. Problem Statement Wy = max pu(e).

The online permanent virtual circuit routing problem is o _ _ _
formally defined as follows: We are given a weighted di- The total congestion incurred by an online algorithm is
rected graptG = (V, E, c) representing a communication denotedu = p,,. Clearly, since we do not allow requests
network. The seV represents a set of machines and the seto be rejected, the congestion of a link may exceed one. If
E represents a set of unidirectional communication linksan optimal offline algorithm can service the request se-
between machines. The functien: E — {1, 2, 3,...}  quence while maintaining congestion at most one, and an
describes the capacity of the network links. We will assumePnline algorithm incurs congestian> 1, this is an indi-
that, for alle € E, c(e) is equal to an arbitrary constant  €ation that the algorithm requires that the network capacity
We do not believe that such an assumption causes much l08§ increased by a factor af in order to service the se-
of practical generality, especially in the context of backboneduence. Alternatively; > 1 may be interpreted as a degree
networks. The input to our problem is a sequence of perof slowdown in service. From a theoretical point of view,
manent virtual circuit requests = fl, fo ..., fi. Eachf, the factorc is also an indication of how well the online
€ o is represented by a tuple(t;, |;, a). The nodess;, ~ @lgorithm can find suitable routes.

t; € V are the source and dest|nat|on of the request An online algorithm for a minimization problem is tra-
respectlvely The valug € {1, 2, 3, .. .} is the required ditionally called competitiveif it always finds a solution
bandwidth of the virtual circuit, ané, e {0,1,2,..}is Whose cost, or objective function value, is within a small
the request’s arrival time. Each permanent virtual circuit isfactor of the cost incurred by an optimal offline algorithm.
assumed to exist indefinitely. Equivalently, one may think T his technique is known asompetitive analysifl9]. Intu-
of this model as one in which the finishing times of all itively, competitive analysis measures the degree to which
requests are the same. When a reqlﬁjeﬁ o arrives, a the performance of an online algorithm suffers, due to its
centralized online algorithm must immediately assigfy m  lack of knowledge about the future, compared to that of an
path P, € @, where ®; is the set of paths between optimal offline algorithm. Formally, consider an online al-

machmess andt in the network, based solely on the dorithm A for a minimization problem, and let cosf( be
decisions |t made for requests f,, ..., f. the cost of the solution obtained B given request se-

We will seek to minimize thenetwork Jcongestionde- quenceo. Let cost() be the cost obtained by an optimal
fined to be the maximum, over all links in the network, of Offline algorithm given the same request sequence.
the ratio of the bandwidth assigned to the link to the link’s
capacity. Minimizing congestion attempts to avoid hot spotdefinition 1. Online algorithmA is ¢ competitive for a
or bottlenecks by spreading the bandwidth as evenly aminimization problem if and only if, for all request se-
possible over the network links. Minimizing congestion alsoquenceso, cost) = ¢ - cost*(o) + a, wherea is a
attempts to increase the network bandwidth available foconstant.
other users and applications. Formally, we define
Definition 2. The competitive ratio of online algorithr
| for a minimization problem is defined to be stipost(o)/
(e = E «© (1)  cost*(0)].
i<j:eeP
Competitive analysis allows us to analyze online algo-
to be thecongestion on link @fter an online algorithm has rithms in a robust way without having to make any assump-
routed requests,, f,, ..., fi_;. (The particular online tions about the input. Since the optimal performance is
algorithm will always be clear in the current context.) For fixed, this method also allows us to compare the perfor-
simplicity, let w(e) = w,.1(€), the congestion on linkk  mance of two online algorithms by using the optimal per-
after an on-line algorithm has routed #&lrequests. The formance as a benchmark.
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1.2. Related Research maximum duration of a virtual circuit, by concurrently

sing this algorithm to solve one instance of permanent
There are at least three related threads of research that relallie g this aigort . P
: . . . virtual circuit routing for each time step. Awerbuch et al. [6]
to the online routing problem we consider. We will first

. . .. noted that the competitive ratio of any online algorithm for
describe these results and then explain how our contribution  © . . L : )
is related. routing switched virtual circuits with unknown durations

4n i -
Mao and Simha [23] studied three simple online Iistmutf‘? be(ll(\,ngh HctJr\:vetver, thtey designed @(log r;) com
scheduling (LS) algorithms for permanent virtual circuit petitive algorithm that reroutes a requéifiog n) times.

routing. The three online routing algorithms are described as The V|rtu_al cwgwt routing problem has_ also been studied
follows: in a model in which requests may be rejected and the goal

is to maximize the throughput (or, more generally, the
profit) of accepted requests. When durations are unknown,
no competitive algorithm exists for the problem, even on a
single link and even if preemption is allowed [13]. How-
ever, Awerbuch et al. [5] designed an admission control and
routing algorithm for virtual circuits with known duration.
As with Exr_Route, the algorithm first assigns to each link
a cost that is an exponential function of the current conges-
tion. Then, a request is accepted only if there exists a route
(e edp whose total cost is small relative to the profit to be gained by
e | accepting it. If the profit of a request is proportional to its
wi(e) + Tie)’ eec P throughput and the bandwidth requirement of each request
is small relative to the link capacities, then the algorithm is

O(log(nT)) competitive on general networks. By removing

Mao and Simha showed that the competitive ratios ofy,q glement of time, a®(log n) competitive algorithm for
algorithms LS1 and LS2 are (}(k), and the competitive permanent virtual circuits can be derived from this result

ratio of algorithmL 53 is Q(V/K) [and, implicitly, 2(Vm), [24]. Without the above assumptions, randomized online

wherem is the number of network links], with respect to' algorithms with polylogarithmic competitive ratios have

conge.suo.n, even on tyvo-layer fjlrected networks W.'th UMyeen designed for trees, meshes, trees of meshes, and hy-
capacity links. Simulation experiments showed that in prac-

. -~ “percubes [7, 8, 22]. For a distributed environment, Awer-
tlcg bothl52 andL53 outperformLSl by a large margin buch and Azar [3] designed randomized online algorithms
while LS3 constructs schedules just a little better thar? with polviogarithmic competitive ratios
does. Mao and Simha left open the upper bound%f and polylog P :

the question of whether there exist better greedy algorithms, The O.nlme. permanent'thgal circut roqtmg problem thf"‘t
. . We consider is a generalization of an online load balancing
Aspnes et al. [1, 2] designed an elegant, asymptoticall

optimal online algorithm, based on techniques to approxi)-éerbIem in which each in a sequence of permanent jobs

mately solve offline multicommaodity flow problems [20, 21, must be assigned to one of independent, parallel ma-

25], which assigns to each request a shortest path Witﬁhmes' 'T‘ gene_:ral,, jobis specified bY a tup_lep,(j), a.j)’
respect to the following exponential cost function: vyherepj is the job’s Ioaq vector ang is the J_Ob S arrl\{al
time. Each componen;(j) of the load vector is the weight

of the job if assigned to machineln theidentical machines
case, the weight of every job is the same for all machines
and is denotedy;. In the identical machines with assign-
ment restrictiorcase, each;(j) is either equal to a constant

w; or «. In the related machinesase,p;(j) = w;/s(i).

Algorithm LS1. For requesf;, assign any route € %;.

Algorithm LS2. For requesff;, assign a routd® € P,
with the fewest links that have been used before.

Algorithm LS3. For request;, assign any rout® € %,
which minimizes

MaXee

COSL( J) — apq(e)ﬂ./c{e) _ am(e),

wherea = 1 + + for any 0< y < 1. This algorithm, which
we will call Exp_Route, is O(log n) competitive, wheren

= i *
[Vl on arbitrary ne_tvvork_s. Furthermore, Aspnes et al‘When a job arrives at the scheduler, it must be assigned
proved thatf xr_RouTe is optimal (up to a constant factor) . : . -
immediately to exactly one machine, whose load is in-

by showing that no algorithm can have a competitive ratio : o
better than (logh — 1)/2. An alternative proof, showing a creased by the appropriate component of the job's load

lower bound of (logn + 3)/2, was given in [17]. For vector. The goal of any algorithm is to minimize the max-

switched virtual circuits, Azar et al. [9] showed how to imum load on the machines.

) o . . When machines are identical, the problem is the classical
derive a0(log(nT)) competitive algorithm, where s the machine scheduling problem for which Graham [15] proved

that the greedy algorithm which assigns each job to the
* This is technically only true if the optimal congestion is 1. For the machine with the least load is (2 1/n) competitive.

more general case, the algorithm must be modified to work in phases, Witﬁ"_ecentl'Yv new algorithms with constant (fOI’ a)l compet-
a factor of 4 increase in the competitive ratio. itive ratios strictly less than two were designed by Bartal et
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al. [12] and Karger et al. [18]. For the identical machinesGreeny_Routel is @(V@m) on arbitrary networks, where
with assignment restriction case, Azar et al. [10, 11] proved’ is the maximum over all requests of the ratio of the
that the greedy algorithm idog n(0+ 1 competitive. They lengths of the longest-to-shortest path for the requesnand
further showed that this bound is tight, up to an additive 1,is the number of network links. We also provide a lower
by proving a lower bound oflog(n + 1)Cfor any algo-  pound for layered networks (in which cage= 1) which
rithm. They also designed a randomized algorithm which isshows that the competitive ratio ®(\V/m) in this case.

In n competitive against an oblivious adversary and provedynhen bandwidth requirements are arbitrary, the upper
this result is tight as well. For the related machines case, thgonds are increased by a factoi@v/ %), where¥ is the

greedy algorithm is als@(log n) competitive, but Aspnes 4+ of the maximum-to-minimum bandwidth requirement,

et al. [1] showed that a nongreedy algorithm is 8 cOmpeti-yinq,gh we suspect that this term does not belong in the

ttue competitive ratio.
In Section 3, we analyze a better greedy algorithm called
Greeny_RouTe2 and show that it is (approximatelg)(d log n)

Exr_RouTe is a generalization of the aforementioned competlgvte, Wheredgghthefleng';h of :he Il(onggtit p?th
O(log n) competitive online algorithm for load balancing assigned fo a requestineretore, for Networks with rela-

permanent jobs in the most general unrelated machines cadlY€!y short paths relative , this algorithm performs well;
Since the greedy algorithm for this load balancing probleni’ d = O(log n), the competitive ratio is polylogarithmic,
is ®(n) competitive, so is any greedy algorithm for the most@nd if d = O(1), the competitive ratio is asymptotically
general case of virtual circuit routing in which the load OPtimal. We also prove a lower bound @{d + log(n — d))
applied to a link by a request is independent of the link'sfor arbitrary networks and)(d + log(j — d)) for layered
capacity. However, the greedy load balancing algorithm ig1etworks. We stress that the upper bounds for both
O(log n) competitive in the identical machines with an Greeny_Routel and Greeoy_RouteZ apply toarbitrary net-
assignment restriction case [10, 11]. This raises a naturavorks, that is,Greeoy_RouTe2 is polylogarithmically com-
guestion: Is a generalization of the greedy algorithm simi-{etitive forany network withd = O(log n) rather than just
larly competitive for virtual circuit generalizations of this those with a specific topology.
load balancing problem? This is the question in which we The analyses ofireepy_Routel and Greepy__RouTe? an-
are interested. swer an interesting question about the generalization of the
A motivation behind greedy algorithms is the possibility greedy algorithm to routing. On the one hand, the greedy
of reducing the control overhead involved in virtual circuit load ba|ancing a|gorithm, when apphed to routing, is no
routing. EXP_ROUTE is Capable of making excellent routing |0nger OptimaL having a Competitive ratio M|Og n) for
decisions but requires the computation of many exponentigyeneral networks. On the other hand, it may perform well in
functions with real bases gnd exponents for each decisioyme cases. The primary reason that the greedy algorithms
We wonder whether algorithms that require fewer compu-an perform poorly is that they can choose routes that are
tational resources can also demonstrate sufficient eff'c'encé'nnecessarily long, thereby increasing the congestion on too

in at least some nontrivial cases. In a distributed setting, thﬁ1any links. Taking this into account, the factorcfn the
communication cost inherent in collecting network status ' '

. . . . L . competitive ratio ofGrecny_RouteZ2 makes intuitive sense.
information might dominate this improvement in local com- . . .

. . . . ) We should mention thatreeny_RouteZ is identical to
putation. However, in a centralized environment like thatth minem lqorithm simulated in 1141 and compared t
considered here and in essentially all the results cited pret-he o hax algo ith S :;a eanr [ i ]cEf? RCO pale 0
viously, this communication cost is negligible since the he min— cip a gorlhm anl a varlant air_ OUTE' nh
centralized algorithm, as the only controller in the network,["€S€ simulations, the goal was to maximize throughput

can assume up-to-date information at all times. In any caséther than to minimize congestiofirecoy_Roure2 was

an improvement in local computation cost has the potentiaP10Wn to route up to 25% less throughput than the expo-
to increase the serviceable arrival rate in a large network.nential algorithm. But the simulated network contains many

routes with lengths close to. (By inspection, it is easy to

) see that, for most source/destination pairs, there is a simple
1.3. Outline path that contains at least 75% of the network nodes.) We
In Section 2, we will improve the lower bound given by suspect that the simulation results would be different in a

Mao and Simha [23] for.S3 (calling it Greepy_Routel ) network with shorter paths.

and provide an upper bound with respect to congestion that

is tight in many cases, including the ones considered in [23].

Specifically, we will prove that, when the bandwidth re-

qUirementS of requg'StS are approximately e'q'ual (Or' when  t oyr upper bound holds if the optimal route assignment has a small
various other conditions hold), the competitive ratio of degree of overlap. We discuss this further in Section 3.

tive. For the most general case, where the load vector i
unrestricted, Aspnes et al. [1] designe@@og n) compet-
itive algorithm. The greedy algorithm in this case@gn)
competitive.
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2. ONLINE ALGORITHM GRreepy_RouTel guaranteed to be asymptotically optimal, but at a relatively
heavy computational price, arising from its many computa-
In this section, we analyze the competitive ratio oftions of exponential functions with real bases and expo-
Greeny__RouTel on networks with uniform link capacitw. nents. On the other han@reeoy_Routel, which requires
We formally defineGreeny_RouTel in the following way: only addition and comparisons, provides fast and simple
decision making at the expense of the quality of the route
Algorithm Greeoy_Routel. For request;, assign any route  assignment. Consider for a moment instances whead

P € %; which minimizes & are small. For these instances, the difference between the
competitive ratio ofGreeny_RouTel and that ofExr_Route
ri(e), egP is obviously arbitrarily large if we consider arbitrarily large
MaXc j ) networks. However, if we consider real networks with less
() + w €€ P than a few hundred uniform speed links, the competitive

ratios of the two algorithms do not differ significantly.
Whenm = 250, Vm is at most twice logn, and wherm
= 850, Vm is at most three times lom. Even whenm
In other wordsGreeny_RouTel will choose any path that = 2000,Vm is just slightly more than four times log.3
does not increase the current network congestion, unlesghe upper bound fofireeny_RouTel also depends on the
such an increase is unavoidable. two factors\'% and V£. The existence of the first factor
Before we can state our results formally, it will be is intuitive: The algorithm does not prefer short paths to
necessary to define some notation. The following definitionsong ones (ag xr_RouTe does) and therefore may add to the
hold for any particular problem instance, consisting of acongestion of many more links than is necessary. For some
request sequence = fy, f5, ..., fi and a networlG: networks though, including all layered networks,= O(1),
andGreeny_RouTe] is guaranteed to b®(V £m) competitive.
P| is the length of the shortest path be- Although it seems unlikely thab would be a large function of

Ties are broken arbitrarily.

dj = minperg;j

tween nodes; andt;. min most networks, if this were the case, it might be reason-
D = maﬁegpj|P| is the length of the longest path be- able to limit the paths from whicBreeny_RouTel is allowed to

tween nodes; andt;. choose in order to minimize the error. We conjecture that the
e 0 = maxlsjsk(Dj/dj)-i second factor does not belong in the true competitive ratio.

However, if the competitive ratio diireeny_Routel does de-
pend on\V/¥, then Greeoy_RouTel is more efficient on in-
stances consisting of requests with like bandwidth require-
ments. Such instances are common. For instance, in a network
serving video or audio streams to customers, each request
o &= A would require equal bandwidth.

A = miny ;- l; is the minimum bandwidth requirement
among the requests in.
A = max _;-l; is the maximum bandwidth requirement
among the requests in.

We will prove in Section 2.2 that the competitive ratio of
Greeoy_RouTel is O(V@Em) on arbitrary networks, which
is greater than the lower bound in [23] by a factor of2'2' An Upper Bound
O(V&). In Section 2.3, we will present an improved |, this section, we will prove our upper bound on the
lower bound, showing that our upper bound is, in fact, Offcompetitive ratio ofGreeoy. RouTel:
by at most a factor ob(V'£), in general. The upper bound
is asymptotically tight when the bandwidth requirements of - . _
the requests differ by a constant factor. We will show thatTheorem 1. The competitive ratio ofGreeov_RouTel is
the upper bound is tight when other conditions hold as wellO(V2£m).

2.1. Trade-offs Between Time Complexity In the proof of Theorem 1, we will use the following
and Routing Efficiency notation relating to an arbitrary problem instance.

If we compareGreeny_Routel andExp_Route [1], we see a
clear trade-off between computational requirements and $ Since we are considering small valueswfit would be inappropriate

routing efficiency. The routes assigned byr_RouTe are (o continue without addressing the constants hidden in the big-oh notation.
For Greeny_RouTel, the constant is onlyW2, and for Exr_RouTe, the
constant is some number strictly greater than 1, which depends on constant
* The valued can actually be defined to be n}@;SkﬂPj\/dj) and the parameters chosen by the algorithm designer. When it is not assumed that
results in this section will still hold. But since this quantity depends onthe optimal congestion is 1, this constant increases by a factor of 4.
arbitrary decisions thatreepy_RouTEl makes, it seems less desirable.  Therefore, we can safely ignore the constants in our comparison.
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e Let P} denote the path assigned to request o by an  Lemma 3. Imu* = ¢ u(e).
optimal offline algorithm.

e Let o* denote the optimal network congestion for the
problem instance.

e Let A = A/w, where A is the maximum bandwidth
requirement of a request and is the capacity of the D.
network links. Notice that maxa' > oux(e) =D u(e).

1=j=k "I ecg ecE

Proof. Since no algorithm can assign a requgss more
thanD; links, and the optimal solution had to have assigned
each request to at leadt links, it must be the case that

n* = /’i (2)
. The lemma follows from the fact that
e Let k = WAL whereu is the congestion of the routes

assigned byareeny_RouTel. For eachi = 1, 2, ...k, D.
f, € o is the first request to cause a link to have Dmp* = maxa' > wr(e). L
congestion at leasf\ in the route assignment constructed ==k T ecE
by Greeov_Routel. In other words, for ally;, w,, (Py)
=iA, andu,(e) < iA for all edgee € Eand allh = 1, We can now use the preceding lemmas to prove the main
2, ..., result of this section.
e Foreachi =1, 2, ...k, e, € P is alink satisfying Proof of Theorem 1From Lemma 2, we know that, in
Ry (&) =y, 1(Py,) Ties are broken in favor of the particular, p, (P%) = (i — 1)A foralli = 1, 2, ...,
link with the smallest index. Thus, ‘
The following three lemmas are fundamental to the proof 5
of Theorem 1. The first two lemmas motivate our definitions (ﬁ’“ — 2) A
of y; andz. Lemma 1 states that no two indices in the set EK: (P*) = i(i DA A @)
{Y1: Y2, . ..,Y,} are the same and Lemma 2 quantifies the - Myl = = 2 '

congestion on any path € %, just beforef, arrives and
is assigned a route. Lemma 3 is a technlcal detail used to
bound the total congestion incurred Byeepy_Routel in
terms of w*.

To clarify the presentation, let us assume for the moment
that the paths in the seP{, P} , ..., P} } are pairwise
edge disjoint. From this assumption and the fact hat k,

Lemma 1. For all integersh andi, 1 = h < i < k,y, We see that

F Y.
Proof. Assume that there exibtandi, where 1= h < . *
’ > =
= k, such thaty, = y;. Since, by definitionu, (e,) EE“(E) i”k(e) zuy.(P‘ (5)
= |A, we know that

Combining this fact with (4) and Lemma 3, we see that

I*Ly.(ez) = (I - 1)]\ (3)
Dmu* = e
We also know, by definition, that,, (e) < hA, for all e H EE we) by Lemma 3
€ E. In particular, we know that,, (e,) < hA. But since R
Yo = Vi iy (€) = my, (&) < hA = (i — 1)A, which is a =S (P by (5)
contradiction to (3). n oo
2
Lemma 2. Foralli = 1, 2, ...k, p,(P) = (i — 1)A (‘f_ 2) A
forall P € &,. LA by (4).
2

Proof. Suppose that there exists a p&he %, such
that u, (P) < (i — 1)A. Since, by deﬂnmon,My (Py)

= iA, we know thatu, (P,) = (i — 1)A. But this means
that Greepy_RouTel should have assignet], to path P TV
rather thanP, (+#P), since this decision would have re- w< ( Mu + 2)]\ =< (V,%+ 2)u*.  (6)
sulted in a smaller network congestion. (Notice that the
network congestion did increase with requégstby the
definition ofy;.) This is a contradiction to the selection of ~ So when the paths in the seP}, P}, ..., P} } are
Py, by Greeov_Routel. u pairwise edge disjointGreeny_RouTel is O(V m) com-

Using (2), this implies that
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petitive. (See Corollary 1 below.) But to prove the theorem,(c) The request sequence is feasible aneé= O(1) orw
we must consider the more general case in which the opti- = O(A); or
mal paths in the setR}, , Py, ..., Py } are not necessar- (d) A = w andw = O(1) orw = O(\).
ily pairwise edge disjoint.
In general, lel = 1 be the maximum number of paths ~ Proof. Part (a) is obvious and part (b) follows from (6).

in the set 5, P%, ..., P} } that intersect at an edge. For part (c), notice that whep* = 1, 1A = w. Also, A
Obviously, = wp* = 1. Substituting into (9),
IA - ~
pr= (7) p< \29Amlp* + 28 = \29m¥ + 2 = O(|@m).

When! > 1, inequality (5) is not necessarily true becauseFor part (d), notice that wheh = w it follows thatA = 1.
the congestion on some edges E may be counted up to  Substituting into (9),
| times in the summation on the right-hand side. However,
with the aid of Lemma 1, we can modify (5) to say that = ~
fy (5) to say < 29 Kmiu* + 2k

« = . 29mY%(u*)2 +2<=0({Im)u*. =
|2 (e > 2 uy(P). (8) \/T ' g

ecE i=1
Notice that the first condition in part (d) must hold for

Then, we see that real virtual circuit request sequences. Otherwise, the request
with the largest bandwidth requirement cannot be assigned
Imip* = > w(e) by Lemma 3 to any route without exceeding link capacities.
ecE
= u,(P%) by (8) 2.3. A Lower Bound
o 2 In this section, we show that the upper bound in Theorem 1
(‘f — 2) is tight up to a factor o<, in general, and tight up to a
= A A by (4). constant factor when at least one of the conditions in Cor-
2 ollary 1 is true. This result is formally stated as follows:

Using (2) and (7), this implies that Theorem 2. The competitive ratio ofGreepy_RouTel is

Q(VIm) for arbitrarily large values ofs andm.

29 mlw* ~ R
< ( il 2)/\ = (\22%m+ 2)u*. (9)
A To prove Theorem 2, we will construct an arbitrarily

large network and corresponding request sequence and then
Thus, Greeoy_RouTel is O(V@Em) competitive.  ®  show that if Grecov_Routel makes bad decisions it can

incur the above network congestion on that instance. On the

other hand, we will show that an optimal algorithm can

We note that there are several realistic conditionsaiways find a set of pairwise edge disjoint routes for the
under which we can infer that the Competitive ratio of requests’ y|e|d|ng unit network Congestion_

Greeov_RouTel is O(V@m). We define deasiblerequest

sequence to be one for which there exists a set of route

wit?1 congestionu* = 1. We point out that this modified 5'3'1' The Network

definition of competitivewhich limits consideration to a For any integert > 1 andi = 1, the network is repre-

subset of instances, namely, feasible instances, has agented by a directed grapB,; containingi connected

peared previously in the literature [4]. components and having a longest path with lerigthAll
links have unit capacity. For exampl€g ; is displayed in

Corollary 1. The Competitive ratio OfGREEDY_ROUTEl is F|g 1. The vertex set OGh,i is defined to be the union

O(V@m) if any of the following are true: a) U'_; (Uy,UV,,), whereU,, , = {ub, ui, ..., u:_,} con-
tains the set of source nodes aNg, = {1, v, ...,
(@ £ = O(1); Uh-1y,+1} IS the set of destination nodes. The arc set of

(b) The set of optimal routes is pairwise edge disjoint; G, ; is defined to beJ!_, E,,, where



Fig. 1. The network G ;.

E,. = Q (W o)} U U )

7 Cr

{(uk, Ui} U U {(ug, v}

= (h—1)i?+ (2h — 1)i = (3h — 2)i2

Notice that thei connected components @, ; are the
subgraphs {(,, U V,,, E; ) 1 ¢ i
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2.3.2. The Request Sequence

Let o0y, ; denote the request sequence for the netw@yk.
Each request will arrive at time 0 and will require unit
bandwidth. Therefore, we will represent each reqiiest
oy, simply by its @, t;) pair. The sequence,, ; is formally
defined to be the concatenationiaémaller subsequences:

O-h,i:(fﬁoo-ﬁo' - .0 O'Ih

All paths between the source and destination of each request
in subsequencey, « = 1, 2, ...,i, are contained in the
subgraph (., U V., E,,). Each subsequencey, is
further defined to be the concatenation of two subsequences
A}, andBy,, where

Ah = (U(L)v vt])’ (UEJ! UPLHl)v e !(ué)! U(Lh—l)wl)

and

B; = (UE)! vlt\fl)i (U;_, UPLVZ)! e !(UIEVZ! v:LL)

As an example of this construction, consider the first three
columns of Table I, which contain the requestsriyy. (See
Fig. 1 for the corresponding netwofk; s.)

2.3.3. Proof of the Lower Bound

We will use the construction in the previous two subsections
to prove Theorem 2. Since the lemmas necessary for the
proof are rather straightforward, we opt to state them with-

TABLE I. Request sequence o, ; on the network G ;

|5 | Giti) | b | ]
hH (u(l)’vé) (ué,u%,u%,v%) <u(1)’U51!>
f2 | (ug,v3) | (ud,ul,ud,v3) | (ul,ul,vd)
fs | (ulo]) | (ul,ul,ol) (ul,ul,vl)
f4 (ugavg) (u%,uf,u%,v%) <u(2)’v§>
fs | (ug,vd) | (ud,ui,ud, vf) | (u,v})
fe (ug,vg) (u%,u%,u%,v%) (ug’v§>
fr | (W3, 03) | (ud,u},ud,vd) | (ui,u},v3)
fs | (i vd) | (u?,ul,v?) (u?,u,v?)
fo | (u,v3) | (ud,ud,ud,vf) | (ud,od)
Jio | (ud,vd) | (ud,ui,ud,v) | (ud,od)
fll (ugavg) <u0’u1au27 > (u%,v?)
f12 (ug,vg) <u0:u1’ugvvg> (u%,v%)
fiz | (ud,03) | (ud,ud,ud,vd) | (ud,v?)
f14 (u(s)vvg) <u0’u1vu27 > <u0>ul’v2>
fis | (W3, vd) | (ud,ud,o}) (ud,ul, v?)
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out giving formal proofs. We first notice that an optimal  According to Theorem 1Greenoy_Routel is O(V ¥£m)

algorithm can always find a pairwise edge disjoint set ofcompetitive on layered networks since the length of every

routes for the requests , ;. Informally, this route assign- path for any request is the same, causing= 1. We can

ment is the one in which each requestip, is assigned to  show that Theorem 1 is tight up to a factor @(V¥) on

its shortest path if5,, ;. Formally, we have the following L-layered networks, even on aend-to-endinstance in

lemma: which every path has length. Specifically, we can prove
the following theorem, whose proof we omit.

Lemma 4. For all integersh > 1 andi = 1, the set of

pairwise edge disjoint. Q(Vm) on layered networks for arbitrarily large.

This result also answers a relevant question about the
way Greeny_Routel breaks tiesGreeny_Routel, as defined,
breaks ties arbitrarily: It may choose any route that satisfies
the requirements of the algorithm. Thus, the upper bound of
Theorem 1 holds for any tie-breaking scheme. In practice,
however, it would be reasonable to choose the shortest route
that satisfies the algorithm. In this way, the fewest links are
affected by each decision and requests will presumably
reach their destinations sooner. However, this result shows
that if Greepy_Routel uses this tie-breaking scheme, its
competitive ratio is stil2(m). Notice that this result also
holds for an algorithm which first narrows its consideration

Lemma S. For all integersh > 1,i = 1, and 1= v =i,  tg the set of shortest routes and then Uesoy_RouTel to

being issued request subseque ° 0'2 o-.:0 gy 0N
h h
||etworkGh,i.

In the worst casefreeny_Routel can assign to each
request its nonoptimal route (with the exception of the
requestsy,_»,, v;), t = 1, 2, ... ,i, which each have only
one route). For example, the fourth column of Table I
contains the worst-case routes assignedikyoy_RouTel,
while the fifth column contains an optimal route assigmt.

In the exampleGreeoy_RouTel has incurred congestion 3 after
routing the requests i3, 5 after routing the requests in3
and 7 after routing the requestsdri . In general, we have the
following lemma:

Proof. By induction ont. - 3. ONLINE ALGORITHM GRreepy_RouTe?

In this section, we consider a more refined greedy

online algorithm for routing permanent virtual circuits.
Proof of Theorem 2By Lemma 5, wherirecov_RouTe 1 Greeoy__RouTe?2 differs from Greeny_RouTel in that it bases

is issued the request sequengg = of © gz o - +o g}, it its routing decision only on the maximum congestion of the

can incur congestion routes that can be assigned to the request, rather than on the

maximum congestion in the network. We will show that

there are classes of networks on whiGReepy_RouTe?

is guaranteed to have a competitive ratio that is polyloga-

rithmic in the number of network nodes. Furthermore,

To rewrite w in terms ofm, we first notice from (10) that  Greeny_Route2 is as simple and fast a&eeoy_RouTel in

the worst case. The online algorithm that we study in this

section is formally defined as follows:

We will now use Lemmas 4 and 5 to prove Theorem 2.

pw=(h—1)i+1. (11)

i m
i = 3h_ 2 (12)
Algorithm  Greeov_RouTe2. For requestf;, assign any
R -
Substituting (12) into (11), we see that routeP € %; which minimizes maggp{ wi(e) + W}. Ties
are broken arbitrarily.
m
w=(h— 1)( 3h = 2) +1=0G2m). In other words,Greeny_RouTe2 considers all routes for a

request and assigns the one that would have the minimum
congestion if the request were assigned to it.
The last equality follows from the fact that, for every  An adversary like the one used to prove Theorem 2
requestfy € Ay, v = 1, 2,...,i,d; = 1,D; = h, and
these are the minimum and maximum such values possible

in the networkGy, ;. Thus, sinceu* = 1 by Lemma 4, the # A preliminary version of some of the results in this section appeared
competitive ratio ofGreeny_Routel is Q(V@m). | in [16].
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cannot foolGreeny_RouTe2 into choosing bad routes in the 3.1. Trade-offs Between Time Complexity
same way that it can fodireeny_RouTel . Consider what  and Routing Efficiency
happens whertireeoy_RouTeZ is presented with the con-
structions used to prove Theorems 2 and 3. When present&imilar to Greeov_RouTel, Greeoy_RouTe? requires only
with networkG,, ; and request sequenos, ; (in the proof  comparisons and additions to assign a route to redest
of either Theorem 2 or 3)Greeny_RouTe2 can incur con-  However, the best-case time féreeny_RouTe? is the same
gestionh in the same way thaGreeny_Routel can. But  as the worst case, unlikéreeny_Routel which does not
when presented with networ, ; and request sequence necessarily have to consider every route. As was discussed
oy, fori > 1, Greeny_Route2 will incur congestionat  in the previous section, both algorithms make their deci-
most h whereasGreeny_RouTel could incur congestionh(  sions more quickly thartxr_Route [1]. The real-time dif-
— 1)i + 1. This proves only that the competitive ratio of ference would be accentuated on networks in which a large
Greeoy__RouTe? is (m), wherem is the number of network number of exponential computations is required.
links, if the length of the longest path {3(m), in effect, As was the case withsreeoy_RouTel, Greepy_RouTe?
proving a lower bound on the order of the longest pathcan be expected to perform worse tharr_RouTte when
length d = maxmax.cy |P|. In Section 3.3, we will paths can be relatively long. This factordmakes intuitive
strengthen this result by showing that the competitive raticsense in the competitive ratio 6Reeoy_Route2 when one
of Greepv_RouTe2 is Q(d + log(n — d)). Therefore, the comparesGreeny_Route2 to Exp_Route. When all routes
greedy algorithm, when applied to routing, no longer has dor a request have unit length, both algorithms will choose
logarithmic competitive ratio for general instances. a route with the minimum congestion. As the maximum
We can also use a result from the previous section to infelengths of the routes increaséxr_Route will be more
an upper bound on the competitive ratio @fceov_Route2,  discriminating thanGreeoy_Route2 and the gap between
since Theorem 1 holds fdireeny_RouTe? just as it does for  their competitive ratios will increase. This can be illustrated
Greeny_RouTel. The proof of this fact is identical to the proof with a few examples. First, suppose that both algorithms are
of Theorem 1, primarily because Lemma 2 holds forconfronted with a choice of two routes—one containing one
Greeny__RouTe? also. We restate this result fGreepy_RouTe? link with congestionc and another containing 100 links
here for completeness. with maximum congestion. Whereagareeoy_Route2 will
not discriminate between the two routdsir_RouTe will
choose the shortest onexr_Route will be more discrimi-
Theorem 4. The competitive ratio ofGreepy_RouTeZ is  nating even if the two paths were to have the same length.
o(VILmM). For example, consider two paths with five links. The first path
has congestion 5 on one link and no congestion on any other
link. The second path has congestion 5, 4, 3, 2, and 1 on its five
In Section 3.2, we will show that a stronger upper boundlinks. Exr_RouTe will clearly choose the first path, which is
on the competitive ratio ofirecoy_RouTeZ is possible on intuitively a much better choice, whiléreeny_Route2 will
some networks. Specifically, we will prove that the com-not discriminate. We quantify in this section the degree to
petitive ratio ofGreeny_RouTeZ is O(d log n) if there exist  which the competitive ratios dfrecoy_RouTe2 andExp__RouTe
pairwise edge disjoint routes for the requests. (The actualiffer.
optimal path requirement is slightly less strict and arises It seems reasonable to expect large networks with arbi-
from the proof technique. The same result holds if the ratiarary topologies to have relatively short paths between most
of the maximum to minimum bandwidth requirement is nodes. For example, by using the&aceroute program,
constant and the maximum number of optimal paths thabne can see that between most pairs of randomly selected IP
intersect is bounded by a polynomialrin) We believe that addresses in the United States there is a site-to-site route
a similar (or better) upper bound will still hold if the optimal containing at most 15 nodes. While one could probably
paths are not disjoint. We provide some intuitive support forconcoct a route with many more nodes, only these relatively
this conjecture at the end of Section 3.2. short routes are used in practice. By restrictimgeoy_RouTe2
Consider for a moment instances that obey this optimabr Greeny_RouTe] to a set of relatively short routespriori,
route requirement. In this context, our result indicates that ione would expect good performance based on our results for
the network has paths whose lengths@fleg n) (e.g., splitter  these algorithms (assuming the optimal algorithm is also
networks) then the competitive ratio 6Reeoy_RouTe? is  restricted to these routes). This method of considering re-
guaranteed to be a polylogarithmic function of the numbeistricted sets of paths might be used with success on any
of network nodes, which comes very close to matching thenetwork with small diameter. Another good scenario for
problem lower bound of)(log n). If the length of the paths  Greepy_RouTeZ might be one in which the traffic pattern
is constant, therareeny_RouTe? is asymptotically optimal.  favors source/destination pairs which have short routes.
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3.2. An Upper Bound eForalli=1,1=j =k,

In this section, we prove our new upper bound on the . ) ) »

competitive ratio ofGreeoy_Route2 . The method that we A, o ~ !f H(Pi) = iA X .
use to prove the result is adapted from a technique used b =\ w(P)) — (i = DA, if (i = DA < u(P) < iA .
Azar et al. [10, 11] to show that the greedy algorithm is 0, otherwise

O(log n) competitive for an online load-balancing problem

in which each job can be assigned to exactly one of a subsetAs discussed above, we partition the congestion on
of n identical machines. Intuitively, their idea was to con- €ach edgeinto layers with width at mosi. W; is the
ceptualize the online algorithm’s assignment on each ma- Width of theith such layer.
chine as a partition of a number of succesdayers. The

sum of the weights of the jobs in each layer (which we will Fact 4. For allj, w(P}) = 2; Wj.
call the layer'swidth) is equal to the optimal load, except for

possibly the last layer which contains the remaining weighte W is the portion of W on edgee? that was added by
less than the optimal load. (All subsequent layers after this requestfr, 1<r < k in the onI|ne route assignment
last nonzero one have width 0.) They showed that, for any (divided byw).

i, the sum of the widths of all thith layers is at least as

large as the sum of the widths of all subsequent layers. From The following fact is true because W/ > 0 for more

this step, the logarithmic competitive ratio follows in a than two layers thef, > A, which is |mp033|ble
relatively straightforward way. In our proof, we adapt this

method to work with paths, rather than single machines. Our Fact 5. W;, > 0 for at most 2 values df which must be
idea is to consider the final online congestion caused by consecutive

GRrReepy__RouTeZ on eachoptimal pathand partition the con-
gestion on each of these optimal paths into layers with W|dth
at mostA, the maximum bandwidth requirement divided by
the capacity of the network links. We then show that, for
anyi, the sum of the widths of all thieh layers, multiplied

by a certain factor, is at least as large as the sum of the
widths of all subsequent layers, and our result follows.

e S; = {r: W, > 0 for somel > i} is the set of indices
of optimal pathsP’: such thatf; traversese} in a layer
greater than in the online route assignment.

The following fact is true becaudetraversegP;| =
links, each of which may be} for at most$ optimal
. hsP7.

3.2.1. Notation pathsPy
Before formally stating our theorem and its proof, we will ~ Fact 6. For alli andj, |S;| = [S;| = D;9.
present the notation that we will use, along with several

useful facts: * R =Z¢q (T, — Wi,) is the total congestion incurred by

f, in all layers greater than
e d = max ;- D; is the length of the longest path that

can be assigned to any request. Let us explain this definition in more detail. The quantity
e A = Alw, wherew is the width of the network links. that we are describing is at most equalT}tdimes the
Also, for anyj, 1 = j =k, letl; = I;/w. number of edges to whichf; adds congestion after layer
i (which is|S;| - T)). We must say “at most” because it is
Fact 1. u* = A. possible, iff; adds congestion to layér+ 1 on some
edgee?, that some congestion was also added to layer
Fact 2. u* = 1/m 2};1 (djTj)- (No congestion could have been added to a layer béfore
by Fact 5.) Thus, to geR;, we must subtract off this
e " € P¥is an edges € P* satisfyingu(e) = u(PY). Ties quantity, W! , for each edge on which this is the case. On
are broken in favor of the link with the smallest index. ~ the other hand, if; does not add any congestlon to any

edges} in layeri + 1, thenR; = |S;| - I;. The equation
above takes into account both of these possibilities be-
cause in the second cagé, = 0.

o § =maxcel{j: € = e 1=]j =k} is the maximum
number of optimal pathB’ whose edge] is the same.

The following fact is true sincé is a lower bound on the
maximum number of optimal paths that intersect at the Fact 7. For alli andj, R; = = sl - T, = DigA.
same edge.
e W, = 3, W,
Fact 3. u* = ($A)/w. e R =3, Ry
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The next fact follows simply from the definitions. Onthe  Proof. Consider an edge € E which satisfiegu(e) =
other hand, Fact 9 requires an explicit proof. Letf, be the last request assigned to a path contaieifsp
e € P,). Notice that since\ = I,
Fact 8. R, = § =i, (D]T).
/J‘y(Py) = l'(‘y(e) = Kn = Ty =W ]\ (13)
Fact 9. R, = 2o, W,.
Also, by the definition ofGreeny_Route2, we know that,

Proof. Notice that for all P € @,, including P},

k
R=3R, by the definition ofR mP) = (P, (14)
j=1 .. ~
: ) Co'mbl'nlng. (13) and (14), we see tha{(P}) = u — A,
— > S (,—W,) by the definition ofR, which implies that
e w= P+ A= max u(PY) + A
= > > (,—W,) bychanging the order of summation -
r=1jres
_ é W (see below Lemma 7. For alli andj, D;$ - W;; = R;.
- Ir
r=11>i Proof. We divide the proof into three cases. The lemma
K follows trivially in the first two cases; the main part of the
=>DW, by changing the order of summation proof is contained in the third case.
. < ;/:\/l Case 1. Ry = 0.
- |

by the definition of\.

v

In this case, the lemma is clearly true since the left-hand

side is always nonnegative.
A more lengthy explanation is in order for the fourth equal- y g

ity. The term3;. g (I W, ) refers to the total band- Case 2. Wj; = A.

width of all requestsf (d|V|ded byw) that crosse? after

layer i, minus the portions that fall in layer. In other In this case, the lemma is also clearly true since, by Fact
words, this is the total congestion on edgjeafter layeri. 7, R; = D;$A.

(See the text accompanying the definition Rf for an . o R: > 0 andW, < A.

explanation of the W, ".) By definition, this quantity is ! .
simply the total width of all the layers @&f; after layeri, or

: - -
S, W, - SinceR;; > 0, we know, by definition, tha; # <. Let

r be an arbltrary member &,;. Then, by the definition of

S, for somel > i, Wi, > 0. This means tha; crossed

edgee and, thereforeer € P;. Now notice that sinc#V;

< A theith layer ofe] is the Iast nonzero layer, and, thus

r(P) < iA by the def|n|t|on ofW;. So, clearly,u;(P?)
|A and smce;,L](P) = MJ(P*) by the definition of

GREEDY_ROUTEZ ande} € P;, we know that

The last fact follows from Fact 9:
FaCt 10 Ri = Ri*l - Wi'

3.2.2. Proof of the Upper Bound

We can now formally state our upper-bound result for w(eh) <iA. (15)
GREEDY_RoUTEZ :

Also, notice that, sinc&, > 0 for somel > i,
Theorem 5. The competitive ratio ofGreeny_Route?2 is

ng
(d min{<, ﬂloq(min{&f, ga})) .
In other words, (15) and (16) tell us that just befGrevas
We will use the following three lemmas to prove Theo- assigned to rout®; the edgee} € P, had congestlon less
rem 5: thaniA [but greater thani(— 1)A smcel = A], and just
after f; was aSS|gnede* had congestlon greater than.
Lemma 6. u = maxu(P}) + A. Thus, the valud added to the congestion on edgk is

pya(e) > iA. (16)
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divided between layersandi + 1: W, is added to layer

i andWi; ), is added to layer + 1. Thus,
wi(P) = pi(e) = (i - DA+ (A -W,). (17)
We next need to show that
W, ;= A. (18)

Assume, for contradiction, thaW; _,); < A. This implies
thatu(P}) < (i — 1)A, and, thereforey;(P7) < (i — DA.
But this means thatt should not have been assignedRo
since w;(P;)) > (i — 1)A. Thus, (18) is true. Now, by
combining (18) with the assumption that; < A, we see
that

(P = (i — DA+W,. (19)

Using the facts above, we can deduce the following:

(i — DA +W, = u(Pf) by (19)
= p(P})
= w(P) by the definition of
GreEpy__Route?
=(i—-DA+(A-W,) by(17).
Thus,
W, =A - W,. (20)
Finally, we can conclude that
R = EZS (I = W) by the definition ofR,
= > (A-minW,)
resj res
= |S]|(/~\ — min W)
r'es;
=D;9 - W by Fact 6 and20). n

Lemma 8. For anyi,

Proof. By Lemma 7 and the definitions &% andR;, we
know that

(21)

k k k
1R 1 1
_JEWJEEEEI ?; R,

From (21) and Fact 10, it follows th& = R_; — [1/(d9)]R.
Therefore,
dg
< o
R = 49 + 1 R_i. (22)

Finally, by recursively applying inequality (22), we con-
clude that

dg
<< -
R=lgs+1) P .

Finally, we can prove the main result of this section:
Proof of Theorem 5First, let

H m9$ D my
b = Logas +1yas min(Z, 91 = 10Q(as + 105 min{%, 9% )"

Thus,

dg + 1)“ m$ -
=
a5 ) = min(%,9}" (23)
Then, we can deduce that
dg \°
Ry = <d£ﬁ+1> Ry by Lemma 8
1 k
= a5+ 1% 2 Of)  byFacts
j=1
( dg ) '
mi EE 9
< mint minl, 8}, S Sof) by
d
=% min{¥, 56}2’ ?n( )
=9 min{&L, $}u* by Fact 2. (24)
Now notice that, for alf,
w(P}) = 2 Wi by Fact 4
= 2 Wij + 2 le
i=1 i>b
= 2 le + 2 W|
i=1 i>~b
b
= E W; + R, by Fact 9
i=1
=bA + % min{&, $}pu* by (24) and the

definition of W;.
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Thus, feasiblerequest sequence is one for which there exists a
route assignment with congestipif = 1.
max w(P}) < bA + @ min{<%, $}u* _ _
j Corollary 3. On feasible request sequences, the competi-
tive ratio of Greepy_RouTe? is

m$ )
= Hog(dy+l)/d‘g\<rrw) & + gb m|n{$, 9}M*

ofarie 7)) 29 _ (i)

By Lemma 6, this implies that 0(d* log ) P A
. , =
mJ X - « Proof. If u* = 1, then by Facts 1 and 3, = w and$
= e )
m= Hog(dwl)/d§<min{§f, 55}) D& A miniE, St = w/\. The corollary follows by substituting into the result
in Theorem 5. [
So, by Facts 1 and 3 and Lemma 12 (in the Appendix), the
competitive ratio ofGreeny_RouTe? is On feasible instances in which the minimum required
bandwidth of a request is at least a constant fraction of the
H mg D& B link capacity w, the competitive ratio ofareepy_RouTe? is
" Og(““)’“‘<rnin{.§£%§6}) + A O(d log n). Specifically, suppose that, for gll; = wip, for
= . ’ + 9 min{¥, $} someB = O(1). Then, W/A) = (W/A) = 3, and the competitive
K K ratio of Greeny__RouTe2 is O(dB log(Bn)) = O(d log n). We can
also claim that the competitive ratio Gkeepy_Route? is O(d
Ho ( my )D& L i log n) on feasible instances ¥ = O(1).
Oids +1y/ds min(%, 91 .
= N + @ mini£, 9} 3.2.3. A Final Note
max{ w’ A} The existence of the factaf in the previous theorem is not
intuitive and we do not think that it belongs in the competitive
. mé . ratio of Greeny_RouTeZ . It is easy to show that when the
d$A |09<W) + 2A problem instance is such that all of the optimal paths intersect
= X : + 9D min{&, 9} (and$ = k) the competitive ratio ofireeny__RouTe? is at most
max{, ]\} &. To see this, notice that when all of the optimal paths
w intersect, the optimal congestion is at ledst)fnv. The con-
gestion of any route assignment is at madst)(w. Thus, the
ny iti i i i
_ O(d — y}log(min{gg’ 9})) . . competitive ratio of any algorithm is at mot

Theorem 7. If the optimal paths for an instance all intersect
at one link, then any algorithm i& competitive for that

Combining Theorems 4 and 5, we have the followinginstance.

result:
This result gives credence to the idea thafaéacreases

Theorem 6. The competitive ratio ofireeoy_RouTe? is the competitive ratio decreases, contrary to the theorem.

3.3. A Lower Bound

In this section, we present a lower bound on the competitive
ratio of Greepy__Route2 . Our lower bound improves upon
We can state the following corollaries giving tighter upper the lower bound ofl that can be inferred from the construc-
bounds for circumstances in which the optimal congestion ision in the proof of Theorem 2. For small valuesafthe
small. The first result follows directly from Theorem 5. lower bound is close to the upper bound in Theorem 5. OQur
experience indicates that the true competitive ratio of
Corollary 2. On instances in which the optimal routes Greeov_Route2 may be closer to this lower bound than to
are pairwise edge disjoint, the competitive ratio ofthe upper bound in Theorem 5.
Greepy_RouTe? is O(d log n).

O(min{d min{ <%, 9}I09<M> , V’M}) .

Theorem 8. The competitive ratio ofGreepy_RouTe? is
The second corollary is more general. Recall that &) (d + log(n — d)) for arbitrarily large values ofl and n.
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To prove the theorem, we will first construct an arbi- Zo,1
trarily large networkGy; (for any h = 1 andi = 1) u
and a corresponding request sequence that can causé‘<$0,2
GRreeny__RouTe? to incur congestion equal to + i. We will
Zo

U
then show that this quantity is equivalent to the quantity in 2 3
Theorem 8. g
ZIo,4
3.3.1. The Network Uy o
For any integer$ = 1 andi = 1, G,; is a directed network u
with unit capacity links. The vertex set & ; is defined to be 5 Z0,6
— [ - i . i s To,7
V(Gh) ={u,:1=1=2" -1} U{x,: 1=.=2} :
. . U7 $278 IU
U{Xxz:1=t=h-1}U{y,:1=c.=h}. g o e
0,8 1,8 ’
Notice thatG,,; has \‘ ® V2
n=2"112h-2 (25) ® "
@ V4

vertices. The directed edge set®f ; is defined to be
Fig. 2. The network G, 5.

E(Gy) = U {(u,+, Xo2-1), (Usa-1, Xo320-1), ) .
=1 v,). Notice that the longest path that can be assigned to a

request inGy,; has length

(Us1, Xos52-2), « + 5 (Up_pis, Xoa-2-1)}
d=h+1. (26)
|
U L;Jl Uz, Xo.20-1), (Usot Xo.a24), 3.3.3. Proof of the Lower Bound
We can now use the preceding construction to prove The-
(Usg-1, Xog2-1)s -« « 5 (Ug_p-1, Xg2)} orem 8. To this end, we first present three lemmas that
describe the behavior direeny_RouTeZ and the optimal
U{(X.2y X412) :0=1=h -2} algorithm when they are given this instance. Lemma 9 and

Lemma 10 together imply thakreeoy_RouteZ2 can incur
U{(X%0 1) :1=1=2 =1 U{(X_12 0} congestiorh + i. Lemma 11 states that the optimal route

assignment has congestion 1. As in Subsection 2.3.3, the
U{(Xz vs) 1 1=1=h—1} proofs for these lemmas are omitted.

Uf(vy v) 1 2=u=h}. Lemma 9. Suppose thaF we issue the req_uest sequemnce
on networkG,, ;, for any integerdr = 1 andi = 1. At the
end of phase.,, 1 = « = i, Greepy_RouTeZ can incur

As an examplei,  is shown in Fig. 2. congestion. on each of the links in

3.3.2. The R tS
© nequest wequence {1(Xo20 v1), (X022 1)y (Xog2e 01), + + + y (Xozpu 1)}

We will define the request sequeneg; for networkG, ; to _ _
be the concatenation of two subsequengeanda},. Each U002 X2), (a2 X02)s -+ Oz X01.2)s Oz )}
requestf; requires unit bandwidth and has arrival time 0,
and so we denote each request simply By ;). The
subsequence; consists of 2 — 1 requests organized into
i phases. In phase 1 = « =< i, we issue the 2" requests Proof. By induction ont. [
(U1, v3), (Ug-t, v1), (Uspt, 01), -y (Ugiooiog, 1)

The request subsequenag contains the followingh re-  Lemma 10. For any integeh = 1 andi = 1, suppose that
quests: Ko 5, v2), (X1.2, U3), - -y Xn—2.2, ¥n), (Xh—1,2,  every link of networkG,; in the set

and no link in the network can have congestion greater
than..



{(XO,Z! Xl,Z)v (Xl,Z! X2,2)1 Cee gy (Xh72,2'! thl,Z')v (thl,Z'! vl)}

has congestiorr and every other link in the network has
congestion at most. Then, if we issue the requests in
request sequenas,, Greeny_RouTe2 can assign routes such
that, after thgth request ino?},, every link in the set

{(Xj—l,Zl Xj,2‘)i (Xj,2‘1 Xj+l,2)! ey

(Xn=2,2) Xn-12), (Xp-1,2, v1)}

will have congestiort + j and no link in the network will
have congestion greater thar+ j.

Proof. By induction onj.

=

Lemma 11. For all integersh > 1 andi = 1, the set of
optimal routes for request sequengg; on networkG,,; is
pairwise edge disjoint.

Finally, we can use the preceding three lemmas to prov

Theorem 8.
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4. CONCLUSIONS

We have given several results concerning the efficiency of
greedy algorithms that assign routes to arbitrary sequences
of permanent virtual circuit requests in an arbitrary com-
munication network with equal capacity links. The simpler
greedy algorithm,Greeny_RouTtel, was proposed by Mao
and Simha [23]. We showed that the competitive ratio of
Greeoy_RouTel is @(V@m) on arbitrary networks when
the bandwidth requirements of requests are approximately
equal, wherép is the ratio of the longest-to-shortest path for
any particular request amd is the number of network links.
When bandwidth requirements are arbitrary, our upper
bound is increased by a factor {\/%), whereZ is the
ratio of the maximum-to-minimum bandwidth requirement.
We showed that a second greedy algoritrigoy_RouTeZ, is
superior toGreeny_Routel when the length of the longest
path in the network is small relative to the size of the
network. Specifically, at least when the set of optimal routes
%or a request sequence has a small amount of overlap,
REEDY_RouTe? is max{O(d log n), O(V%m)} competi-
tive, whered is the length of the longest path assigned to a

Proof of Theorem 8Recall that the request sequencerequest and is the number of network nodes.df= O(log

oy, consists of the concatenation of the subsequenges
ando},. By Lemma 9,Greeny_RouTe2 can incur congestion
i after theith (and last) phase of subsequenge Specifi-
cally, Greepy__RouTeZ can incur congestion on every link
in the set

1(Xo 2y X12), (X123, Xp8),s + + + ) (Xn—2.2) Xn—12), (Xn-1.2, V)]

By Lemma 10 then, aftefarecny_RouteZ has assigned
routes to all the requests , ;, the link (x,_; 5, v;) has
congestion + h.

Now notice that, by (25) and (26),= log(n — 2d + 4)
— 1. Thus,i + h=log(nh — 2d + 4) + d — 2. On the
other hand, by Lemma 11, an optimal algorithm can alway

find a set of edge disjoint routes with congestion 1. Theref

fore, the competitive ratio ofireeny_Route2 is Q(d + log(n
— d)). [

We can also prove a result fdireeoy_Route2 that is
similar to that of Theorem 3 fofireeny_RouTel . Specifi-
cally, we can prove the following theorem:

Theorem 9. The competitive ratio ofGreeny_Route?2 is
Q(d + log((n/d — d) — d)) on layered networks for
arbitrarily large values ofl andn.

n), as is the case in many common networks, then the
competitive ratio ofareeny_RouTeZ is polylogarithmic; ifd

is constant, it is asymptotically optimal. We also showed
that the competitive ratio diireeny_RouTeZ is Q(d + log(n

— d)) on arbitrary networks anf)(d + log((n/d) — d)) on
layered networks.

These results answer open questions posed by Mao
and Simha [23] and also present alternatives to the as-
ymptotically optimal, but computationally more expen-
sive algorithm of Aspnes et al. [1, 2]. We discussed
situations in which the greedy algorithms can be expected
to perform well in Sections 2 and 3. Since there is a
trade-off between speed and efficiency in the choice of
algorithms, the decision of which to use really depends
n the requirements of the situation. We would like to
urther investigate these questions in the future through
simulations. It will be important to find appropriate net-
works for this purpose. One can always construct a
network that makes the algorithms look good; we would
ideally like to find real networks on which these algo-
rithms would be appropriate.

There are a few technical points related Gerepy_
Routel and Greepy_RouTe? that are topics of continuing
research. First, we suspect that tB&V¥) term does not
belong in the true competitive ratio @fkeeoy_Routel . In
the proof, it appears that inequality (8) is weak; we would
like to improve it to perhaps get a tighter result. More
work also needs to be done on the competitive ratio of

This result implies a lower bound that is almost as highGreeoy_RouTe2 . While it was important to show that the

as that in Theorem 8 for the variation 6Reepy_RouTe?
which breaks ties in favor of the shortest path.

competitive ratio ofGreeny_RouTeZ is polylogarithmic for
some cases, itis clear to us that this upper bound is not tight.



152 HAVILL AND MAO

The two terms in the upper bound of Theorem 6 do not really [4]
“mesh;” the first term can be much larger than the second
term for large values ofl. Based on examples, we would
conjecture that the competitive ratio 6Reeny_RouTe? is [3]
closer to the lower bound @d(d + log n).

(6]
APPENDIX

The following simple lemma is used in the proof of Theo- 7]
rem 5 in Section 3:

Lemma 12. For anya,y = 1,alny = [0Qa1y. YO 8]
= alog,y + 1.

Proof.
log(a+l)/a y = |](—)g(awrl)/a y[l = |Og(a+1)/a y + 1 [9]
(i
Iny log, y
|(a+1 = |]()g(aﬂ)/a yi = ﬁ +1 0]
nN—a log, a
alny alog,y [11]
a1y = 00Gemayd=s e+l
aln a Iogz( ) [12]
4 a
alny alog, y [13]
I<a+1>a = 00Geipayd= — "~ Fratl
M3 Iogz< a )
0 [14]
alny alog, y
ne = Hogaiyayld= Tlog,2 5]
aln y = EHOQ(a-HL)/a yo= a |092 y + 1. u [16]
[17]
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