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Abstract

We study a hybrid flow shop scheduling problem, in
which the execution of each job must go through multi-
ple stages in one specific order and at each stage there
are parallel machines available to process the jobs that
have entered the stage. The objective is to minimize the
makespan. In this paper, we propose two on-line algo-
rithms based on the greedy strategy. We also present
analysis on the performance of the algorithms.
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1 Introduction

In the traditional flow shop scheduling problem, it is
assumed that there is only one machine at each stage
to execute passing jobs [6]. For example, when there
are two stages (hence two machines with different func-
tions) in the flow shop and the goal is to minimize the
makespan, i.e., the time when all jobs are completed,
the corresponding scheduling problem can be solved in
O(n log n) [5]. However, when the execution of each job
has to pass three or more stages, the problem becomes
NP-complete [1].

With the development of hardware, software, and theory
in parallel computing, the traditional model of flow shop
scheduling is becoming somewhat unrealistic. Defined to
capture the essence of parallel computing is the so-called
hybrid flow shop model, in which each job has to go
through multiple stages with parallel machines instead of
a single machine. Results on hybrid flow shop scheduling
to minimize makespan are limited. To list just a few, it
has been proved that the problem is NP-complete even if
there are two stages and there is only one machine at one
of the two stages [3]; also, heuristics have been proposed
for the case that there is one machine at stage one and
parallel machines at stage two [4].

In this paper, we study the general hybrid flow shop
scheduling problem with parallel machines at all stages
to minimize the makespan. In Section 2, we propose a
greedy on-line algorithm, GREEDY, for the m stage hy-
brid flow shop problem and give an analysis on the per-
formance of the algorithm. In particular, we show that
the makespan of the schedule produced by GREEDY is
at most m+n−1

m · pmax

pmin
times that of the optimal schedule

for the same instance, where n is the number of jobs, m
is the number of stages, and pmax and pmin are the max-
imum and minimum processing times respectively. We
also show that this bound (also called performance ratio)
is tight. In Section 3, we study a special case when there
are two stages in the flow shop and at each stage, there
are the same number of identical machines. Although,
GREEDY can be applied to this special case achieving a
tight performance ratio of n+1

2 · pmax

pmin
, we present a bet-

ter on-line algorithm based on the greedy list scheduling.
We call this algorithm GREEDY-LIST. We prove that
GREEDY-LIST achieves a constant performance ratio
between 2 and 4.

2 Multiple Stage Hybrid Flow
Shop Scheduling

Consider the m stage hybrid flow shop scheduling prob-
lem to minimize makespan. Assume that at stage i, there
are mi parallel machines and that the required process-
ing time of job Jj at stage i is pi,k

j if it is assigned to the
kth machine at stage i to execute.

In an on-line setting, jobs are given in a sequence such as
J1, J2, . . . , Jn and an on-line algorithm must decide how
to schedule each job for all stages without the knowl-
edge of the jobs following it in the sequence. To be
specific, suppose the algorithm is considering Jj at the
moment. The algorithm knows pi,k

j for i = 1, . . . ,m and
k = 1, . . . ,mi (Note that there are a total of

∑m
i=1 mi

positive numbers associated with each Jj .) and the



schedules for J1, . . . , Jj−1. It then has to construct a
schedule for Jj , i.e., which machine to use at each stage
and when the execution starts on the chosen machine.
Because on-line scheduling algorithms do not have the
knowledge of the entire instance, they cannot produce
optimal schedules and so are often used as heuristics.

In this section, we study an on-line algorithm for the m
stage hybrid flow shop problem. It is called GREEDY
since it is also a greedy algorithm. We define the algo-
rithm as follows:

Algorithm GREEDY
For j from 1 to n
For i from 1 to m

Choose the machine at stage i with the
smallest processing time for job Jj

Schedule the job on that machine as
early as possible

Algorithm GREEDY takes n ·
∑m

i=1 mi time steps to
produce a schedule. It always chooses the fastest ma-
chine to use at each stage with the intention to make
the makespan small. Next, we analyze the performance
of GREEDY, i.e., how good/bad is the schedule con-
structed by GREEDY compared to the optimal sched-
ule.

THEOREM 1 There exists an instance of the m stage
hybrid flow shop scheduling problem for which the
makespan of the schedule given by GREEDY is m+n−1

m ·
pmax

pmin
times that of the optimal schedule, where n is the

number of jobs, m is the number of stages, pmax =
maxi,j,k{pi,k

j }, and pmin = mini,j,k{pi,k
j }.

Proof. Let Cmax(GREEDY ) be the makespan of the
schedule given by GREEDY and C∗

max be the optimal
makespan for the same instance. We define our instance
as follows: mi = n for all i = 1, . . . ,m and pi,k

j = 1 for
all j = 1, . . . , n, i = 1, . . . ,m, and k = 1, . . . , n. Clearly,
for this instance pmax = pmin = 1.

In the optimal schedule, all n jobs are executed in par-
allel by all n machines at each stage. Since for each job
the execution at stage i will not start until the execution
at stage i − 1 is completed (which is the requirement of
a flow shop) and there are m stages, we have

C∗
max = m · 1 = m.

Since for fixed j and i, pi,k
j = 1 for all k = 1, . . . , n,

it is possible for GREEDY to always pick the first ma-
chine at each stage to execute a job. So only the first
machine at each stage will be used and all jobs are exe-
cuted sequentially on the first machine at each stage. So
we have,

Cmax(GREEDY ) = (m + n − 1) · 1

= (m + n − 1) · pmax

pmin

=
m + n − 1

m
· pmax

pmin
· C∗

max.

THEOREM 2 For any instance of the m stage hybrid flow
shop scheduling problem, the makespan of the schedule
given by GREEDY is at most m+n−1

m · pmax

pmin
times that

of the optimal schedule.

Proof. First we establish a lower bound to the optimal
makespan, C∗

max. In the perfect scenario, all jobs are ex-
ecuted by the corresponding fastest machines in parallel
at each stage. So

C∗
max ≥ max

1≤j≤n
{

m∑
i=1

mi

min
k=1

{pi,k
j }} ≥ m · pmin.

Next we consider the schedule constructed by GREEDY.
Let Ci

j be the completion time of Jj at stage i. Since J1

is the first job considered by GREEDY, we have

C1
1 ≤ pmax

C2
1 ≤ C1

1 + pmax

· · · · · ·
Cm

1 ≤ Cm−1
1 + pmax.

For J2, it may be scheduled on a different machine or
the same machine as J1 at each stage. Upper bounds
can be established by hypothetically scheduling both J1

and J2 on one machine at each stage and using pmax for
the execution time for both jobs. In addition, the upper
bounds should also take into account the fact that the
starting time of J2 at stage i should never be earlier than
the completion time of J2 at stage i − 1. So we have

C1
2 ≤ C1

1 + pmax

C2
2 ≤ max{C1

2 , C2
1} + pmax

· · · · · ·
Cm

2 ≤ max{Cm−1
2 , Cm

1 } + pmax.

We follow this reasoning for all jobs. Finally, we get the
following upper bounds about Jn:

C1
n ≤ C1

n−1 + pmax

C2
n ≤ max{C1

n, C2
n−1} + pmax

· · · · · ·
Cm

n ≤ max{Cm−1
n , Cm

n−1} + pmax.

Obviously, Jn is the job scheduled and finished last. So
Cmax(GREEDY ) ≤ Cm

n . To estimate Cm
n , we start

with the last inequality, which gives an upper bound to
Cm

n . Whether it is Cm−1
n or Cm

n−1 for the max function,
Cm

n is reduced to some Ci1
j1

with i1 + j1 = m+n−1 plus
pmax. We next use the upper bound to Ci1

j1
, which is

some Ci2
j2

with i2+j2 = m+n−2 plus pmax. So the upper
bound to Cm

n becomes Ci2
j2

+ 2pmax. We then notice the
upper bound to Ci2

j2
is some Ci3

j3
with i3 + j3 = m+n−3

plus pmax. Therefore, Cm
n is bounded from above by

Ci3
j3

+3pmax. If we continue this, we will eventually reach



C1
1 and the bound to Cm

n is C1
1 +(m+n−2)pmax. Using

the very first inequality about C1
1 , we get Cm

n ≤ (m +
n − 1)pmax. So we have

Cmax (GREEDY )
≤ Cm

n

≤ (m + n − 1)pmax

=
m + n − 1

m
· pmax

pmin
· (m · pmin)

≤ m + n − 1
m

· pmax

pmin
· C∗

max.

3 Two Stage Flow Shop Schedul-
ing

In this section we assume that a job’s execution only has
to go through two stages, i.e., m = 2 and that pi,k

j = pi
j

for all k, i.e., all machines at the same stage are iden-
tical. Since this scheduling problem remains to be NP-
complete, we consider on-line heuristics. We can cer-
tainly use our algorithm GREEDY given in the previous
section, yielding a performance ratio of n+1

2 · pmax

pmin
. We

are interested to know if there are some other on-line
algorithms with better performance. The algorithm we
shall propose and analyze is based on the greedy list
scheduling algorithm [2] designed for the single stage
multiple machine job scheduling problem. For this rea-
son, we call our algorithm GREEDY-LIST.

Algorithm GREEDY-LIST
For j from 1 to n
Stage 1: Schedule job Jj on the machine

with the smallest current load
(makespan)

Stage 2: Schedule the job as early as
possible

Algorithm GREEDY-LIST takes n(m1 +m2) time steps
to produce a schedule. At stage 1, it behaves exactly
the same as Graham’s List Scheduling algorithm. At
stage 2, it is just a simple greedy algorithm. Clearly, the
algorithm is on-line since it schedules the jobs one-by-
one in the order of J1, . . . , Jn. Similar to our approach
to GREEDY in the previous section, we will give two
theorems on the performance of GREEDY-LIST.

THEOREM 3 There exists an instance of the 2 stage
hybrid flow shop scheduling problem for which the
makespan of the schedule given by GREEDY-LIST is 2
times that of the optimal schedule.

Proof. We define the instance as follows: m1 = m2, n =
2m1, p1

j = 1 and p2
j = ε for j = 1, . . . , n

2 , p1
j = ε and

p2
j = 1 for j = n

2 + 1, . . . , n, We assume that ε is an
arbitrarily small positive number.

In the optimal schedule, Jn
2 +1, . . . , Jn will be scheduled

in parallel on all machines followed by J1, . . . , Jn
2

in par-

allel. Since at stage 2, there is an idle period of length ε
at the beginning of the schedule, we have

C∗
max = 1 + 2ε.

For the same instance, GREEDY-LIST schedules
J1, . . . , Jn

2
in parallel and then Jn

2 +1, . . . , Jn in parallel
on all m1 machines at stage 1. Therefore, the makespan
for stage 1 is 1 + ε. At stage 2, the algorithm has to
leave all machines idle until time 1 and then schedules
J1, . . . , Jn

2
in parallel followed by Jn

2 +1, . . . , Jn in par-
allel on all m2 machines. Therefore, the makespan for
stage 2 is 2 + ε. So,

Cmax(GREEDY − LIST ) = 2 + ε = 2C∗
max − 3ε.

Since ε is arbitrarily small, we have a ratio approaching
2.

THEOREM 4 For any instance of the 2 stage hybrid flow
shop scheduling problem, the makespan of the schedule
given by GREEDY-LIST is at most 4 times that of the
optimal schedule.

Proof. A lower bound to C∗
max can be easily established:

C∗
max ≥ max{max

j
{p1

j + p2
j},

1
m1

∑
j

p1
j ,

1
m2

∑
j

p2
j}.

Since we will use this lower bound often in the proof, let
us denote the inequality with (∗). To proceed, we observe
that Cmax(GREEDY − LIST ) = C2

max, the makespan
for stage 2. To prove this, let Jl1 and Jl2 be the jobs
that finish last at stages 1 and 2, respectively. (Note
that they may be the same job.) Then, C1

max = C1
l1. So

we have

C2
max ≥ C2

l1

≥ C1
l1 + p2

l1

= C1
max + p2

l1

≥ C1
max.

Therefore, we have Cmax(GREEDY − LIST ) =
max{C1

max, C2
max} = C2

max.

Consider the schedule at stage 2 constructed by
GREEDY-LIST. For Jl2, there are two possibilities cor-
responding to whether or not the starting time of Jl2 at
stage 2 is equal to the finishing time of Jl2 at stage 1.
We consider the first case, in which equality holds, i.e.,
C2

l2 = C1
l2 + p2

l2. We have

Cmax (GREEDY − LIST )
= C2

max

= C2
l2

= C1
l2 + p2

l2

≤ (
1

m1

∑
j

p1
j + p1

l2) + p2
l2

≤ 2C∗
max by (∗).



Next we consider the second case, in which C2
l2 > C1

l2 +
p2

l2. Let ∆ be the difference between the starting time
of Jl2 at stage 2 and the finishing time of Jl2 at stage 1.
If there is no idle time in ∆, then ∆ ≤ 1

m2

∑
j p2

j . So we
get

Cmax (GREEDY − LIST )
= C2

max

= C2
l2

= C1
l2 + ∆ + p2

l2

≤ (
1

m1

∑
j

p1
j + p1

l2) +
1

m2

∑
j

p2
j + p2

l2

≤ 3C∗
max by (∗).

If there is idle time in ∆, then let Jh be the job scheduled
right after the rightmost idle period overlapping ∆ and
let ∆′ be the starting time of Jl2 minus the starting time
of Jh at stage 2. Note that ∆′ might be negative. How-
ever, if it is positive, then ∆′ ≤ 1

m2

∑
j p2

j . Therefore,
we have

Cmax (GREEDY − LIST )
= C2

max

= C2
l2

≤ C1
h + |∆′| + p2

l2

≤ (
1

m1

∑
j

p1
j + p1

h) +
1

m2

∑
j

p2
j + p2

l2

≤ 4C∗
max by (∗).

4 Conclusions

In this paper, we proposed and analyzed two on-line al-
gorithms of the hybrid flow shop scheduling problem.
In particular, we proved a bound for our first algorithm,
GREEDY. The bound is tight, it is however proportional
to the number of jobs n, a parameter which may be ar-
bitrarily large. Our second algorithm, GREEDY-LIST,
is for the two stage special case. We showed that it
achieves a small constant bound, although we are unable
to eliminate the gap between the lower (2) and upper (4)
bounds.

For future research, we will focus on proving a tight
bound for GREEDY-LIST. We suspect it is 2. Also, we
are interested in on-line algorithms with constant perfor-
mance bounds for the multiple stage case. If there are
no such algorithms, we wish to establish a lower bound
proof using perhaps adversary arguments.
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