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Abstract

The Simple Harmonic Oscillator plays a prominent role in most undergraduate Quantum

Mechanics courses.  The study of this system using path integrals can serve to introduce a

formulation of Quantum Mechanics which is usually considered beyond the scope of most

undergraduate courses.  However given the current interest in the interpretation and foundations

of Quantum Mechanics, non-standard approaches such as Feynman’s path integral formalism can

be helpful in developing insights into the structure of Quantum Mechanics.  In this paper we

evaluate the path integration appearing in Feynman’s treatment in a natural and direct manner

utilizing a symbolic computational program.  This approach makes the use of the path integral

formulation of Quantum Mechanics accessible to most undergraduate physics majors.

As a byproduct of our approach, we find a representation of the reciprocal of the sinc function,

, in terms of an infinite product of partial approximates of a continued fraction. 

We have not found this representation in the literature.
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I. Introduction

Given the interest  in the conceptual foundations of the Quantum Mechanics, it is important to1,2,3

introduce undergraduate physics majors to non-standard developments of Quantum Mechanics. 

One very interesting approach is the use of path integrals by Feynman and Hibbs  in their book4

Quantum Mechanics and Path Integrals.  This approach speaks to the superposition of

alternative processes in a way different from the more standard approach  using states in a5

Hilbert Space.  While remarkable progress in the development of path integration techniques has

been realized lately , such general methods are beyond the scope of most undergraduate6

Quantum Mechanics courses.  Even such a simple system as the one-dimensional simple

harmonic oscillator (SHO) is formidable.  In fact, Feynman and Hibbs  chose to solve this4

problem with a less than straight-forward approach using Fourier transforms.  Marshall and Pell7

report a general solution for quadratic Hamiltonians such as for the SHO, however, their solution

seems too complicated to be accessible to most undergraduate students.  We have calculated the

propagator for the SHO by directly evaluating the infinitely recursive integrations appearing in

the integration over all paths.  The motivation for re-examining this problem is to provide an

alternative development which we believe is accessible to undergraduate physics majors.  Our

treatment utilizes a computer-based symbolic manipulator to evaluate a recursive relationship

and a limit required in our approach to computing the path  integrations.  It is the use of the

symbolic computational program which places our treatment of the SHO well within the abilities

of most undergraduate physics majors.
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II. The Propagator for the SHO

The quantum mechanical propagator, K(b,a), describes the probability amplitude for the

transition of a system from point x  in configuration space at time t  to point x  at time t .  Thea a b b

action S[x(t)] of a particular path connecting x =x(t ) and x =x(t ) determines the phase of thea a b b

amplitude associated with that (particular) path.  To compute K(b,a), the amplitudes

corresponding to all paths are added.  The phase factors corresponding to individual paths can all

be written in the form ,   where  and  is the Lagrangian for4

the system.  Thus the propagator is given  by4

where the symbol is used to represent the integration over all paths connecting the initial

and final points. 

 

One approach  to carrying out the path integration for a one-dimensional system, such as the4,8

SHO, is to first partition the time interval into N pieces each of “width” �, such that t -t  = N�.  b a

Defining  x  as the positions of the particle at times t +��, �=0,1,2,...N, one possible path between4
� a

x =x  and x =x  can be formed by joining a given set of x ’s by line segments.  All such paths can0 a N b �

be generated by varying each x  for �=1,2,...N-1 over the real numbers.  Thus the propagator�

generated by all paths joining initial and final states is,
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where in the  .  The endpoints,  x  = x  and x = x  , are fixed, while the0 a N b

intermediate positions x  assume all real values.  The factor   in Eq.(2) properly�

normalizes  the propagator so that  where �(x) is the Dirac delta4

function.

III. The One-Dimensional Oscillator

Consider a particle of mass m in a one-dimensional harmonic oscillator potential U=½ m� x . 2 2

The action can be expressed  as the limit of a Riemann sum in terms of the integration variables4,8

x , x , ..., x , 1 2 N-1

Note that the kinetic energy at t +�� has been written in terms of the change in the position overa

the time interval �, i.e. in terms of the mean velocity.  The potential energy U  must correspond to�

the position of the particle within that same time-interval, i.e. between x  and x .  The exact� �+1

position is a matter of choice since eventually we will let � go to zero.  Departing from the

Fourier Transform approach of Feynman and Hibbs , we choose to write U  in a natural way,4 
�

U = U(x ) = ½�  x , and compute the integration directly.  At this point we could insert Eq.(3)� � �
2 2
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(4)

(5)

(6)

(7)

into Eq.(2) and start the integration process.  However, we make use of a very helpful

transformation  of variables,4

where �(t) represents the path taken by the classical particle and y(t) represents the deviation of

the path x(t) from �(t).  For the SHO the classical path can be expressed as

which makes clear that , i.e., x(t) must pass through x  at t  and x  at t .  Asa a b b

Feynman and Hibbs  demonstrate for the case of any Hamiltonian quadratic in  and  this4

transformation allows separation of the propagator into two factors,

The limits of integration should not be taken literally; they are supposed to remind the reader that

for all paths, y(t) is zero at the endpoints.  The classical action S  can be expressed   ascl
4

It is the second factor, the path integral in Eq.(6), that presents computational difficulties.
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IV. Computation of    

The path integral in Eq.(6) can now be written  in terms of the coordinate y(t) as4

where .  The innermost integration in Eq.(8), i.e. over the variable y1,

involves only those terms in the sum which contain y ; all others are treated as constants and can1

be factored out of the integration.  Thus the innermost integral in Eq.(8) is

This integral is readily solved by completing the square in the exponent and by choosing a

suitable substitution of variables yielding

where and where
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(12)

(13)

(14)

The second innermost integration in Eq.(8), involving y , can now be written,2

This integration yields

where  .  This procedure is repeated for every y  up to y .  After a few integrations a� N-1

pattern emerges.  The p  constant, C , can be written asth
p

where the symbol �  indicates that the pattern continues to the p  denominator.p
th

The radicand is recognized as the p  partial approximate of the continued fraction,th
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(15)

(16)

(17)

where the fraction extends to an infinite number of denominators.  After the N-1 integrations, the

result multiplied by the normalization factor, , in Eq.(2) is,

where F  is a finite function of a finite number of the partial approximates of the continuedN-1

fraction C .  Both y  and y  are zero, so that  reduces to unity� 0 N
2

prior to taking the limit in Eq.(8).  Substitution of the limit of Eq.(16) into Eq.(6), yields for the

propagator, 

where we have used �=T/N to replace the � appearing in the two radicals appearing in Eq.(16). 

Writing the partial approximates C  in terms of � makes clear the continued fraction structure ofp
2

the SHO propagator, 
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(18)

(19)

Evaluation of the limit in Eq.(18) is not trivial because � is a function of N (See Eq.(11)).  In the

following section of this paper we show that this limit is .

V.  The Limit of the Product of Partial Approximates

We can convert the p  partial approximate of any continued fraction to a rational function of theth

form , the numerator and denominator of which are given by well known recursion relations . 9

For the continued fraction C , the recursive relations yield,�
2

The starting conditions for the recursions are A  = -1, A  = 0 and B  = 0, B  = 1.  Examination of-1 0 -1 0

Eq.(19) with the starting conditions reveals that B  is equal to A  for all p.  Thus in thep p+1

calculation of the finite product of  partial approximates of C  from p=1 to p=N, each successive�
2

numerator A  is canceled by the previous denominator B , so that the finite product is simplyp p-1
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(20)

(21)

(22)

.  Now Eq.(17 or 18) can be rewritten as,

We used the symbolic manipulator MAPLE  to solve the recursion relation satisfied by the B ,10
p

i.e.,  yielding,

The right-hand side of this relationship reduces to the real numbers for , i.e., N

sufficiently large that � is real.  Again using MAPLE , the limit of    has the intriguingly10

simple form of the sinc function,

We note that the infinite product in our development plays a role similar to that of the function G

in Eq.(52) of the paper by Marshall and Pell .  The partial approximates C  play a role analogous7 2
p

to that of the determinants D  of the matrices G  appearing in Eq.(3.10) in the work by Junkerp p
� �

and Leschke .  In fact, Junker and Leschke  show that the D  satisfy the same recursion11 11 �
p

relationship as satisfied by the B  and that the D  are related to the sine, cosh, and sinh functionsp p
�

in ways similar to, but different from, our Eq.(22).
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(23)

(24)

Using the limit from Eq.(22) in Eq.(20), we arrive at the final form for the propagator for the

SHO,

This expression agrees with the result of Feynman and Hibbs  and others  obtained by4 7,11,12,13,14

different methods.  Given the propagator, reclaiming wave functions and energy spectrum for the

SHO can be accomplished without recourse to the Schrödinger’s equation .  Of course,12,13

developing the Schrödinger’s equation from the propagator is a worthwhile exercise .4

V. Conclusion

We believe that the use of MAPLE  (or any other symbolic manipulator program) has greatly10

simplified our development of the SHO propagator and that most undergraduates can follow our

approach.  We emphasize that the crucial step in our approach is the evaluation of the limit of the

product of partial approximates of the continued fraction C , viz.,�
2

As far as we know, this representation of the reciprocal of the sinc function has not been reported

in the literature on continued fractions .9,15,16
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